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Abstract. We prove that any modular eigenform / of level Ti{Np), finite slope a 
and weight /cq can be placed into a p-adic family of modular eigenforms fk of the same 
level and slope and weight k varying over all natural numbers which are sufficiently close 
to ko in the p-adic sense. Here, the term p-adic family means that a p-adic congruence 
between two weights k and k' entails a certain p-adic congruence between the correspond- 
ing eigenforms fk and fk'- We also prove that the dimension of the slope a subspace 
of the space of modular forms of weight k does not depend on the weight as long as we 
consider weights k which are sufficiently close to each other in the p-adic sense. Both 
these statements are predicted by the Mazur-Gouvea conjecture, which has been proven 
by Coleman (cf. [C]) using methods from rigid analytic geometry. In contrast, our proof 
of these statements is based on a comparison of trace formulas. 



Introduction 

0.1. We fix a prime p G N and an integer G N such that {N,p) = 1. We 
select a Dirichlet character x ■ C^/i^p))* ~^ C* and we denote by A4fc(ri(A'^p), x) resp. 
Sk{Ti{Np),x) the space of holomorphic modular forms of level Ti{Np) and nebentype 
X resp. the subspace of M.k(XiiNp),x) consisting of cusp forms. For any prime £ € 'N 
we denote by Tg the Hecke operator of level Ti{Np). acts on J^].{Ti{Np),x) and we 
say that / is a normalized eigenform if / has leading Fourier coefficient equal to 1 and is 
an eigenvector for all Hecke operators T^, i prime. We note that Tp is the Atkin-Lehner 
operator sending f = Yjn ^^nq'^ to fflpng"- 

The Mazur-Gouvea conjecture is a statement about certain subspaces of the space 
of cusp forms and the eigenforms contained therein. To explain this, denote by Cp 
the completion of an algebraic closure of Qp with valuation w : Cp — > Q normalized 
by w{p) = 1. We fix an isomorphism i : C = Cp; thus, for any A G C its "p-adic 
value" Vp{X) = w o -j(A) is defined. The slope a subspace Sk(Ti{Np),x)" , a G Q,of 
<Sfc(ri(Ap), x) is the image p(Tp) Sk(Ti{Np),x), where p G Q[X] is the factor of the 
characteristic polynomial p of Tp acting on Sk{Ti{Np), x)) which contains all roots of p, 
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whose p-adic value is different from a (cf. section 1.1). Let u : (Z/(p))* ^p-i, l^p-i 
the group of {p — l)-st roots of unity, denote the TeichmuUer character. 
The Mazur-Gouvea conjecture then reads 

1. ) The dimension of Sk{Ti{Np),x^^^)'^ is locally constant in the p-adic sense, i.e. 

dimSk{ri{Np),xco-''r = dimSkiri{Np),x^-'''r 

if k = k' (mod and k,k' > 2a + 2 ("[ ] " denotes the Gaussian bracket). 

2. ) Assume dim(SfcQ(ri(A^j»),xc<;~^°)" = 1. Then, any eigenform f G 
'5fco(ri(-^p), X'^"*^"); can be placed into a p-adic family of eigenforms, i.e. for any weight 
k contained in the arithmetic progression K = {ko + mpl"'"^^, m = 0, 1,2, 3, . . .} there 
is an eigenform fk = Y.n"'k,nq^ e Sk{Ti{Np),x^~^T such that fk„ = f and fk = fk' 
(mod p™") if k = k' (modp"^). Here, the congruence fk = fk' (mod p™) means that 
ak,n = flfe'.n (mod p™) for all n. 

3. ) In general, i.e. if dmiSk(J^\{Np),x'^~^)°^ is arbitrary, f can be placed into an 
R-family of modular forms fk £ 5^.(ri(A^p), x); i-G. there is a finite and free Zp[[T]]- 
algebra R, a power series F = J2n ''^nQ"' G R[[q]] '"^^^^ ri = 1 and a family of continuous 
morphisms rjk ■ R ^ Qp, k running through the arithmetic progression K., such that fk = 
^^?7fc(r„)g". Furthermore the Zp[[r]]-ronA; of R is less than or equal to the dimension 
of the spaces Sk{Ti{Np)Y for all k e IC. (cf [G-M], Conjectures 1,2,3.) 

In case a = (i.e. the "ordinary" case) the conjecture has been settled by Hida using 
his theory of ordinary forms. In general, the conjecture has been proven by Coleman (cf. 
[C]) except for the determination of the range of weights over which the family exists. 
Wan has shown that the family exists over a domain whose size depends quadratically 
on the slope Q. (cf. [W]). Finally there is a counterexample to the conjecture in its strong 
form (cf. [B-C]). Coleman's proof uses methods from rigid analytic geometry but he also 
mentions work on p-adic properties of modular forms using the Selberg trace formula 
and says that this line of research seems to have stopped in the mid seventies. 

0.2. In this article we describe an approach to the construction of p-adic fami- 
lies of modular forms using a comparison of trace formulas. To this end we reinter- 
pret the Mazur-Gouvea conjecture as follows. We denote by A^^ the set of all se- 
quences (A^)^, where I runs over all primes £ G N, such that there is an eigenform form 
/ € ^Ak{Tl{Np),x^^^)'^ with T^-eigenvalue equal to A^. Hence, A^^ is the set of sys- 
tems of Hecke eigenvalues occuring in M.k{Xi{Np)jX^~^)'^ s-iid the elements A G A^^ 
correspond to eigenforms / G M.k{J^i{Np),x''^~^)" ■ The statement that any modular 
form / G M.ko(^i{Np),xoJ''^°)°' can be placed into a family of modular forms {fk)k-, 
fk G A4fe(ri(iVp), xa;"*^)'*, then (nearly) is equivalent to the existence of a family of 
transfer maps 

such that 

• ^k exists for all k, which are sufficiently close to ko in the p-adic sense 

• k = ko (mod p™) implies that '^kWe is congruent to A^ for all primes £ modulo a 
certain power of p (which depends on m) . 
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Thus, to prove the Mazur-Gouvea conjecture we have to estabUsh the existence of 
the maps and in doing so we shall use a comparison of Trace formulas. To this end 
we assume in addition that 

• ^'fc is a bijection 

• Denote by uj-kW the generalized simultaneous eigenspace attached to A G 
A^^^. Then dim>I^^^'^^_,„ (A) = dimM«^^_,(*,(A)). 

We prove a Basic trace identity of the following type: let T be an element of our Hecke 
algebra and denote by vrj^p the projection operator from level ri{Np) to level Ti{Mp); 

then the trace of the operator vr^^oT on J^koi^ii^p)^ X'^~^°)°' is congruent to its trace 
on Aik(J^i{Np), x^^'')" modulo a certain power of p. The presence of the operator vr^^ 
enables us to detect in addition to the Hecke eigenvalues the level of a modular form. 
Clearly, this identity has been proven with the above two assumptions in mind. On 
the other hand, using the Basic trace identity wc shall establish as an essential step the 
existence of the unramified transfer: in analogy with A^^ wc denote by A^^ the set of 

all sequences (A^)^^^^ such that there is a modular form / G A4k(ri{Np),x'^~^)"' with 
T^-eigenvalue equal to X(, £ J(Np; then, there is a family of transfer maps 

such that 

• exists for all k, which are sufficiently close to ko in the ]9-adic sense 

• k = ko (mod p'"-) implies that for all £ J(Np, the element ^'^(A)^ is congruent to Xi 
modulo a certain power of p (cf. the Transfer Theorem in 0.4 for a precise statement of 
this) 

• the level of 5'a;(A) divides the level of A. 

The divisibility Level(\l'fc(A)) | Level(A) implies that the dimension of the generalized 
eigenspace ■M'^^^-k{'^{X)) attached to *fc(A) is greater than or equal to the dimension 
of the generalized eigenspace ■M.'^^ x<^~'^'^ attached to A and together with the equal- 
ity of dimensions dim A^fc(ri(A'^p), xcj"'^)" = dmiM.j^^^{Ti{Np),x^~^'^)'^ (note that this 
equality is the first part of the Mazur-Gouvea conjecture) we obtain that is a bi- 
jection and even that dimAl^^ ^^_k^^{X) = dim Al^^^_fc(^'fc(A)). Thus, in the course of 
establishing the existence of the map we find that the above two assumptions hold, 
at first for the unramified transfer, but it is not difficult to derive from this the existence 
of the transfer maps Wc note that we do not need the expansion of the geoemtric 
side of the (topological) Trace formula as a sum of orbital integrals. 

0.3. We describe our results in more detail. We use the following convention: since 
we assume that A'^ and p are fixed throughout, if we say that a constant C depends (only) 
on the slope a. this shall always mean that C depends on a and on N and p. Also, we 
set r = Ti^Np). Our first main result then reads 

Theorem B (cf. section 4.1). There are constants Bq, and Cq only depending on a 
such that the following holds. Let a G Q>o; for all pairs of integers k,k' satisfying 

• k,k' > (Qa + lf + 2 and 
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• k = k' (mod p^") 
it holds that 

dim Mk{r i{Np), xuJ-'^r = dim Mkiri{Np),xio-'''r. 

Theorem B confirms the independence of weight of the dimension of the slope sub- 
space, which is the first part of the Mazur-Gouvea conjecture. However, we have no 
control over the constants Cq and B^; they tend to be very large and in this respect 
we fall short of proving the conjecture. Of course, an analogous remark applies to the 
constant L(a,k) appearing in Theorems Dl, D2 below. 

To state our second main result we introduce some notation. For any sequence 
A = (A^)^ resp. A = (A^)^!^^ of complex numbers, where i runs over all rational primes 
resp. all rational primes not dividing Np, we set 

■^Ixo^-^W = {/ G Mk{Ti{Np),xu-''r : V^3n G N : (T, - A,)"/ = 0}, 

resp. 

•^L--'^^^) = ^f^ Mk{riiNp),xu^-''r ■■ J(Np^ri G N : (T^ - A^)"/ = 0}. 

Thus, -^fe j^;^-/c(A) is the generalized simultaneous eigenspace for all Hecke operators T^, 
resp. all Hecke operators with £ /{Np. Note that for all primes which do not divide 
Np, the Hecke operator is diagonalizable on M.k{^\{Np),x'^~^)^ whereas T^, £\Np, 
need not be semisimple. We also set 

and 

^k,x,Np = {A = {Xe)eiNp ■ '^k,x<^-''W / 0}- 
We note that A G A^^ is equivalent to the existence of an eigenform / in 
M.ki^i{Np),xi^~'^) with eigenvalue equal to A^. Since dimM.ki^i{Np),xio~'') is 
finite for any weight k, there is an integer Ak such that elements A, A' € A^ ^ which are 
different, already are different modulo p^'', i.e. there is a prime £ = £{X,X') such that 
Xi ^ (mod p^'^) (cf. equation (18) in section 4.2). Our second main result then reads 
Theorem Dl (cf. section 4.3). For any a G Q>o and any k > 2 there are constants 
a = a(a) and b(a), which only depend on a, and L{a,k) such that the following holds: 
Let a G Q>o and let ko > (CqQ: + 1)^ + 2. Then, for any X G A^^ ^ there is a 
family {X{k))k, where k runs over all integers satisfying k > (C^a + 1)^ + 2 and k = kg 
(mod p'-("''=o))j which satisfies the following properties 

• A(A:o) = A 

• ifk = k' (mod p™) then X{k) = X{k') (mod p^rn+b-A^^^^ 
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Moreover, a = a (a) satisfies 

a < 



dimMk{T,x^~'')°' 
for all k > (CqO + 1)^ + 2 and 

a = mm{ I A; > (Qa + 1)^ + 2} 

dim Mk{^,X^ ) 

if a = 0. 

Finally, if {pi{k))k, fJ-ik) G A^^^^ is another family satisfying the above three condi- 
tions, then ii{k) = X{k) for all k. 

We note that Theorem B impHes that the set { dimA^fc(r x^~'°)" ' ^ — (Cq.q; + 1)^ + 2} 
is finite, in particular, 3(a) is strictly positive. 

In the special case that dim.Mko(^,X^~''°)" = 1 we obtain the following stronger 
result. 

Theorem D2. Let a G Q>0; let ko > (C^a + 1)^ + 2 and assume in addition that 
dim A^feoCr, X^^^^*^")" = 1- Then, for any A G ^kox^p ^^^'"'^ a family {X{k))k, where 
\{k) G ^k 'xNp ^'^^ ^ runs over all integers satisfying k > (CqQ; + 1)^ + 2 as well as 
k = ko (mod p^") which satisfies the properties 

• A(fco) = A 

• ifk = k' (mod p"^) then X{k) = X{k') (mod p^"'+^). 

Here, a = a (a) and h = h{a) are the integers appearing in Theorem Dl, hence, a < 1 
and a = 1 if a = 0. 

It remains to look at the primes i dividing Np. To this end, let A G A^^ ^, where 
ko > (Co-a + 1)^ + 2 and let {Xk)k be the family of elements A^ ^ -^k^Np ^ Theorem 
Dl. We denote by '^kxe characteristic polynomial of acting on ■M'^ ^^^kiH^))- 
Our last result then reads 

Theorem F (cf. section 4.5). Let ko > (C^a + 1)^ + 2 and let k' , k > (CqQ + 1)^ + 2 
be weights which both are congruent to ko (mod p^^"''^^). Then, with the above notations, 
for any i\N we have 

vpm,x,i - n,x,i) > arn + b - idt,,x + l)Ak, - Vpidt,J)). 

where d'^^ ^ = dim A4fc„(r, 

In conjunction with the proposition in section 4.5, Theorem F shows that for any 
prime £ dividing N and any k = ko (mod p'-("''=o)^ -^^g ^an select a root X{k)£ of ^k^^, 
i.e. an eigenvalue of acting on ■M'j^ ^^-kiH^))^ ^^ch that the resulting family {X{k)e)k 
satisfies the congruence 
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if k = k' (modp™). Thus, the congruences, which we obtain at the ramified places 
are somewhat weaker than those at the unramified places. Although we formulated 
Theorems Dl, D2 only for systems of eigenvalues (A)^ with I /\Np, an inspection of 
the proof shows that these Theorems also hold if we include the prime p, i.e. if we 
consider systems of eigenvalues (A^) with £ J[N. Thus, altogether we obtain that any 
A G A^^ ^ can be placed into a p-adic family {\k)k of elements Ajt G ^tx^ where k runs 
over all integers greater than (C^a + 1)^ + 2 and congruent to ko (mod ) ; see 

our final Theorem G in section 4.5. Since any A € A^^ corresponds to an eigenform 
/ G M.k{J^i{Np),x'^~^) with Ti eigenvalue equal to A^, Theorms Dl and D2 and F 
essentially confirm the existence of p-adic families of modular forms as predicted by the 
second part of the Mazur-Gouvea conjecture. 

0.4. We explain the proof of the above results in some detail. We denote by 
the finite dimensional irreducible GL2 representation of highest weight k and for any 
Z-algebra R we set Lk^R = i? (8)z -^fc- The space M.k{^i{Np)) of modular forms of 
weight k and level Ti{Np) is isomorphic as Hecke modiile to the group cohomology 
H^(Ti(Np), Li^^c) and we will replace the study of the Hecke module Aif;(Ti(Np)) by 
the study of the Hecke module H^{ri{Np), L^^c)- In particular, we replace the Selberg 
trace formula by the Topological trace formula, which computes the Lefschetz number 
of a Hecke correspondence (cf. [B], [G-MacPh]). 

In section 1.1 and 1.2, we discuss the slope decomposition of a finitely generated O- 
module V, where O/Zp is a finite extension, with respect to an endomorphism T of V. 
We look to the particular case of the space of modular forms with T the Atkin-Lehner 
operator (cf. section 1.4) and we prove the following 

Theorem A (cf. section 1.5). There is a constant M{a), which only depends on a, 
such that 

J2 dimi?i(ri(AfpM+i),Lfc,c)^<M(a) 

0<l3<a 

for all weights k > 2. 

To prove Theorem A we introduce a certain submodule of L^^o- We set r = [a] + 1, 
r = Ti(Np^) and we choose a finite, integral extension O/Zp, which splits Tp. We then 
define the O-submodule 

Uk,0,r = Ov. 

weight(t;)>r 

Here, the weight of an element v G L^^o is defined with respect to the split torus of 
diagonal matrices in GL2. Uk^o,r satisfies the following properties 

- O/ip^) ® Uk,o,r still is a ri(A''p'")-module (cf. Lemma 1.) in section 1.4) and the 
long exact cohomology sequence will yield 

H\r,O/{p')0Lk,o)/H\r,O/{p')0Uk,o,r) = H\V,0/{f) ® {Lk,o/Uk,o,r)). 

- The isomorphism class of the quotient module 0/{p^) ® {Lk,o/Uk,o,r) only de- 
pends on k (mod p^'') (cf. the Proposition in section 1.4), hence, the C/(p'')-module 
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H^{r,0 /{p^) (S> {Lk,o/Uk,o,r)) also depends only on k (mod p^*") and its 0/(p^)-rank 
therefore can be bounded independently of A;. 

- The Atkin Lehner operator Tp annihilates H^{T,0/{p^) (8) Uk,o,r) (cf- the Lemma 
in section 1.5). 

The first two properties imply that the C'/(p'')-rank of H^{T,0/{p^) 
Lk.o)/H^{^jC^/iP^) Uk.o.r) is bounded independently of k. We denote by kerTp the 
kernel of Tp acting on H^iT, O /{p^) Lj^^o)^ ■ The third property implies that the quo- 
tient H^{T, 0/(jf) ® Lk,oy/kerTp is a factor of H\T, 0/{p'')®Lk,of/H^{T, O/ip") ® 
Uk,o,rY ■ On the other hand, the key Lemma in section 1.2 allows us to bound the 
O-rank of H^{T, Lk,o)^ for all < /3 < a in terms of the cardinality of the quo- 
tient H^{T,0/{p'')(g)Lk,o f/'kcrTp (note that H^{T,0/{p'') (g) Lk,oy^ is a finite group). 
Thus, altogether we arrive at the claim of Theorem A. Clearly, Theorem A implies 
the boundedness of ^q<^<^ dimff^(ri(A'^p), c)^ for all k > 2. We note that in 
the ordinary case, i.e. a = 0, the quotient Lk^o/Uk,o,r — O. Thus, we may replace 
H^{T,0/{p'') (g> {Lk,o/Uk,o,r)) by H^{T,0 /{p'')) and' if we do this, we essentially find 
Hida's proof of the boundedness of {T i{Np) , Lk^cf ■ Since it is easily available using 
the methods introduced so far we also prove in section 1 that the Hecke operator Tp acts 
nilpotently on the torsion part of the cohomology of ri(Arp) with p-adic coefficients (cf. 
the Proposition in section 1.5). 

Note. After completion of the manuscript we have learned that a proof of the 
boundedness of the dimension of the slope spaces using a very similar idea has already 
appeared in [Bu] ! 

In section 2 we review the Topological trace formula. For the final formula see the 
Theorems in section 2.4 and 2.5. Since we only deal with the rank 1 case our main 
reference will be [B]. A trace formula valid for groups of arbitrary rank can be found in 
[G-MacPh]. 

In section 3 we prove the basic trace identity from which we will deduce (in section 4) 
Theorems B, Dl, D2 and F. We work with a certain subalgebra of the full Hecke algebra, 
which we define in sections 4.1 and 4.2 as follows. We denote by Hi = {T^, £ prime)z 
the classical Hecke algebra generated by all Hecke operators Tf of level Fi (Np) , £ prime, 
and all diamond operators (e), (e, Np) = 1, of level Np; we then enlarge Ti. by adjoining 
certain non-classical Hecke operators Su,5, u G N, {d,Np) = 1, which correspond to 
primes i dividing Np (cf. section 3.2). The idea is that the enlarged Hecke algebra 
contains the projection operator ir^^ : Mk{ri{Np),xoo-'') ^ Mk{ri{Mp),xco-'') from 
level Np to level Mp {M\N; cf. the Corollary in section 3.2). Thus, in addition to the 
eigenvalues of the Hecke operators , £ prime, the enlarged Hecke algebra also is able to 
detect the level of a modular form / G M.k(ri{Np),x'jJ~'')- On the other hand, we do 
not know whether the Hecke operators T£,£\N commute with the operators Su,s, hence, 
the enlarged Hecke algebra need not be commutative. This is the reason why at first 
we only consider Hecke eigenvalues for primes £ not dividing Np (cf. Theorem Dl, D2; 
Ti, £ J\N and Su,s commute). In section 3.3 we review the slope decomposition of the 
space of modular forms and in section 3.4 we construct "approximative" idempotents 
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and also 



attached to the slope decomposition of Mk{^i{Np), xw"'^): for any pair of weights k, k' 
we inductively construct elements Cq, = Ck^k'.a G -E'l^p]) where is a splitting field for 
Tp on Aik{Ti{Np), x'^~^) as well as on M.j.i{Ti[Np), x^~^ ) a-i^d a runs over the slopes 
ai < a2 < ■ ■ ■ < ar appearing in A4k(ri{Np),x'^~^) or in M.k'(ri{Np),x'^~^ ) such 
that 

I _ J 1 (mod p) if 13 = a 

tr^ek,k',a\M,(riiNp),xu.~^r = \Q (jnodp) if /3^a 

I _ r 1 (mod p) if (3 = a 

^^ek,k',a\M,,{r,{Np),xu>-k')0 = <^ Q (modp) if Pj^a 

(cf. the Proposition in section 3.4). In section 3.5 we then prove the 

Basic trace identity. There is a constant Ca, which only depends on a, such that 
the following holds. Let a G Q>o- Assume that k,k' satisfy 

• k,k' > (Caa + 1)^ + 2 

• k = k' (mod p^) with m > CaOt + 1. 

Let £i, . . . ,£s G N be prime numbers and let M eN be any divisor of N; then 

^^^Mp-'-h Is l>1fc(r,xw-fc)- = t^^^Mp^^i • • • -'^ ^" \My{T,xuj-''')'- yj^Odp^o.c j. 

In case a = Q we even obtain 

^^-^Zni ■■■■ ■T[:U^r.x^-^r = trn^n^^ • . . . • 7- U^,(r,,.-.> (mod p-'v(v^W)). 

Of course, the proof of this is an application of the trace formula. We note that the 
element eo has no denominators, which is the reason for the stronger statement in case 
a = 0. 

In section 4 we deduce Theorems B, Dl, D2 and F from the basic trace identity. 
We note that in order to deduce these Theorems we need to know in advance that the 
dimension of Mk(ri{Np),xijJ~^)°' is bounded independently of k (cf. Theorem A). We 
first explain the proof of Theorem B. We denote by * = Yl'j=oi~^)'' ^j-^'^^'' I'esp- = 
Ylf=oi~^y(^'j^''''~^ the characteristic polynomial of Tp acting on Mk{Ti{Np),xi^''')°' 
resp. on 7Vl^./(ri(A^p), X"^"*^')"- This defines the coefficients aj resp. a'j for < j < d 
resp. < j < d' and for j > d resp. j > d' we define aj resp. a'j to be equal to 0. 

Clearly, d = dim A1fe(ri(A^p), x^"'^)" and d' = dim A4fc/(ri(iVp), xw"'^')" and we have 
to show that d = d' if A; and k' are sufficiently close in the p-adic sense. Assume d > d'; 
we lead this assumption to a contradiction by computing the p-adic value of the constant 
coefficient of ^ in two different ways: 

- since all eigenvalues of Tp acting on M.k{ri{Np),x^^^)" have p-adic value equal 
to a we find Vp{a(i) = ad. 

- By a classical formula (cf. equation (1) in section 4) Cj is a linear expression in the 
terms tr l_y^^(-pj(-^p) .^j^-fe)aaj_/j, where /i = 1, . . . , j and, quite analogous, a!- is a linear 
expression in the terms tr T^l^^^^^p^^^^^ x'^~''')"^'j-h^ where h = 1, . . . , j. This holds for 
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all J G N U {0}, in particular it holds for j = d. The basic trace identity therefore will 
imply that = a'^ (mod if k and k' are sufficiently close. Since d' < d we 

have a'^ = 0, hence, Vp{ad) > ad. Contradiction ! 

In section 4.2 and 4.3 we show the existence of p-adic families of modular forms as 
in Theorems Dl and D2. To this end, in section 4.2 relying on the basic trace identity 
we prove the following 

Theorem (Transfer from weight k to weight k'). There are constants Ba, a = a(a) 
and h = b(a) such that the following holds. Let a G Q>o and assume that k,k' € N 
satisfy 

- k,k' > {Caa + lf + 2 

- k = k' (mod jo™) where m > B„. 

Let A = {Xi)e[Np G ^ and denote by F the prime-to-p part of the conductor of 
A. Then, there is a X' = (A^j^^^j, € A^, ^ such that 

• Ml, ^_fe/(A')^^^-^^^ ^ (0), i.e. the conductor of X' is a divisor of Fp 

• A^ = Xt (mod p^rn+b-Ak^ ^ jij^p_ 
Moreover, a = a (a) satisfies 

a(a. A;) < 



dimMfe(r,xw-'=)° 
for all k > (C^a + 1)^ + 1 and even 



1 

'dimA^fe(r,X'^" 



a(a, k) = min {-^^— -_, k > (Qa + 1)' + 1} 



if a = 0. If in addition dim A^fe(r, '^)" = 1 holds we even obtain the congruence 

X'i = Xe (mod 

for all £ )(Np. 

Here, the conductor of A is defined as the smallest (in the sense of divisibility) integer 
M such that -^^^j^-fe('^)^^^^^ 7^ Oj clearly the conductor of A divides Np and coincides 
with the conductor of the automorphic representation corresponding to A. Thus, the 
transfer theorem not only yields a modular form satisfying the requested congruences, it 
shows in addition that the conductor of the transferred element A' divides the conductor 
of A; this will be essential in the construction of p-adic families of modular forms (see be- 
low). We note that a(a) and b(a) are the constants appearing in Theorem Dl. To prove 
the transfer theorem we assume there is no A' satisfying the two conditions of the theo- 
rem. The slope a subspace decomposes A^fe(ri(A/"p), xo;"*^)" = 0^g^c, ^ -^t x'^~''^'^^ 
and there is a completely analogous decomposition for weight k'. We construct an ele- 
ment e such that 

(*) eMk{TiiNp),xio-''r = Ml^^-,iX) and eMfeKri(A^p), X^~'')" = 0. 
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To lead our assumption to a contradiction, again, we compare the trace of the operator 
TT^p oeoe^, where L is a certain p-power (depending on m) on Ai]^{Ti{Np), xo;"'^)" and 

on Mi;i(Ti{Np),x^~''')°' in two different ways: 

- Using the basic trace identity we will find that the two traces are congruent to each 
other modulo a certain power of p 

- Using equation (*) we will find that the two traces are not congruent to each other 
modulo the same power of p. Contradiction ! 

In section 4.3 we will derive from the transfer theorem the existence of p-adic families 
of modular forms as in Theorems Dl, D2. We proceed as follows. Let ko,k > {CaO + 
1)^ + 2 with k = ko (mod p"^), m > Bq. For every A G ^ko,x,Np there is a A' G ^k,x,Np 
satisfying the two conditions in the transfer theorem, hence, we obtain a map 

A ^ A' 

such that A' = A (mod p^^+b-^^o). Let A,// G Ko,x,Np^ ^ ^ l^' ^ ^ (™°^ ^'^'") 

by the definition of A^^, . Hence, if k is close enough to ko such that am + b — A^g > Ak„ , 
we sec that A' ^ fj' (modp'^'^o). In particular, the A', A G ^k^^Np distinct. 
On the other hand, since the conductor of A' divides the conductor of A, we will find 
that diniTW^^^ x'^-'=o('^) — ^'^^ x'^^''^^'^ Corollary CI). Taking into account that 
dim Mk{Ti{Np) , xu}~'')'^ = dimMkoiTi{Np),xoJ~''°)°' if k is sufficiently close to ko by 
Theorem B we deduce that Mk{^i{Np), xo;"*^)"^ = 0AeA« -^k x'^'''^^'^ 

^k,x,Np = {^'^ ^ ^ Ko,x,Np}- Thus, altogether we obtain 

Corollary C2. For any a > and k > 2 there is a constant L(a, k) such that 
the following holds. Assume that k = ko (mod p™) with m > L{a,ko); then for every 
A G ^kQ,x,Np there is precisely one X' G ^k,x,Np ■^"'^^ that A' = A (mod p^m+b-Afe^-j 
the transfer map *fc : A^^_^ — > A^^^^ is a bijection 

Using the above Corollary we are now able to construct the p-adic family of mod- 
ular forms as follows. Let A G A°^^ x ^p' ^ (C^a + 1)^ + 1. For any weight k = ko 
(mod p'-^"''^''-') there is a (unique) clement A^ = ^^(A) G ^kxNp ^^ch that A^ = A 
(mod p^"*'^''~'^*o ) , where k = ko (modp™). To verify that this is a p-adic family, 
it remains to show that for any k,k' = ko (mod p'-^"'*^" ) the congruence Afe = A^/ 
(mod p3'"+''~^'=o ) holds, where now m is given hy k = k' (mod p™). The transfer theo- 
rem yields an element A' G A^, ^ j^p such that A' = A^ (mod p^m+b-Afe^^ Since we may 
choose Ak = Akg by Corollary C3 (note that k = ko (mod p'-("''=o)^^ obtain A' = A^ 
(mod pa"^+b-^fco). Since m > l{a,ko) this yields A' = Afc (mod p^'-("'*^o)+''-^fco). To- 
gether with Afc = A (mod p^U^^M+b-A^^^ obtain A' = A (mod p^Uo^M+b-ak^^^^ g-^^g 
also Afc/ = A (mod p^'"'^"''^'"^+'^~"'=o ) we deduce from Corollary C2 applied to weights k' 
and ko and m = L(q;, fco) that A' = Afc/. Clearly, this implies that Afc, Afc' satisfy the 
requested congruence. 
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1 Group Cohomology and the slope decomposition 



1.1. The slope decomposition. We fix a prime p G N and we denote by Cp the 
;j-adic complex numbers with p-adic valuation w normalized hy w{p) = 1. In addition 
we fix an isomorphism i : C = C^; this immediately induces a "p-adic valuation" Vp on C 
by defining Vp{z) = w{i{z)), z G C and, hence, a compatible system of p-adic valuations 
Up = Vp^E on subfields of C via restriction. Here, compatible means that if E/F is 
an extension of subfields of Cp, the p-adic valuation Vp^E obtained on E restricts to the 
p-adic valuation Vp^p obtained on F\ in particular we may omit the index E designating 
the field from Vp. We shall use the valuation Vp only as a convenient way to express 
congruences between elements which lie in arbitrary extension fields of Q. To be more 
explicit, if a, b are algebraic over Q and c G Q we write 

a = b (mod p^) 

to denote that Vp{a — b) > c. Let E/Q be a finite extension, which contains a and b and 
denote by p = p^; = {x G Oe ■ Vp{x) > 0} the prime ideal in Oe corresponding to Vp 
and by e the ramification degree of p\p. The congruence a = b (mod p'^) then further is 
equivalent to 

a = b (mod p^'^). 

The notation a = b (mod p'^) is weaker than the above congruence, because it leaves 
open in which field the congruence takes place. 

Let £'/Q be an arbitrary extension with ring of integers Oe and let T be an operator 
on the finite dimensional E^-vector space V. We define the slope a subspace V"' <V as 
the image pa{T)V, where Pa is the factor of the characteristic polynomial p of T, whose 
roots A (in a splitting field of T) have p-adic valuation Vp{X) different from a. We note 
that V"" depends on the operator T as well as on the choice of Vp. V then decomposes 
as a direct sum of vector spaces 

(1) y=0y"©y(O), 

aeQ 

where V{0) is the generalized eigenspace attached to 0. 

Remark. If we agree that Vp{0) = oo then V{Q) is the subspace of V of slope oo: 
V{0) = V°°. Hence, V{0) is the subspace of V of highest possible slope. 

1.2. Slope spaces over local fields. We now assume that ii^ is a local field. 
More precisely, let E/Qp be a finite extension, hence, the ring of integers O = Oe 
E \s a, principal ideal domain. We denote by p < O the maximal ideal and we select a 
generator w of p, i.e. p = (ro), hence, Vp{zu) = 1/e, where e is the ramification degree 
of p\p. Furthermore, by Vp we denote the valuation on E normalized by Vp{zu) = 1. We 
set q = \0/p\. Also, we assume that T is split over E. This in particular implies that 

= (0) unless a is contained in and 

■yeE 
vp(-f)=a 
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Here, = {v e V : (T - 7)^?; = Ofor some A; G N} is the generalized eigenspace 
attached to 7 € 

Working over a local field E/Qon the one hand has the advantage that is a principal 
ideal domain and on the other hand enables us to construct topological idempotents 
attached to the slope decomposition (cf. section 3.4). As an example we want to look 
at the slope decomposition in case that T stabilizes a lattice in V. To be more precise, 
let Vo < V" be a C-lattice in V, i.e. Vo is a free O-submodule, which over E generates 
V. For the remainder of this section we assume that T leaves Vo stable, i.e. T is an 
endomorphism of Vo- This immediately implies that the eigenvalues of T are integral 
over O, hence, contained in O and we deduce that 7^ only if a G U {0}. 

We put 

vs = Vonv''. 

Obviously, Vq is T-stable. Since Vg <Vo and O is a principal ideal domain, Vg is a 
finitely generated, free O-module. 

Remark. Vq is a T-stable lattice in V°' . In particular, 

rankoVo = dimg 1/". 

Proof. Let x € V". Since Vo is a lattice in V there is n € O such that nx € Vo, 
hence nx £ Vo r\ V" = Vq. Thus, V°^ /Vq is a torsion module, which implies that 
E ®o Vo ~ V°^- Since Vg is a free O-module the claim follows. 

We call a submodule U < Vo pure in Vo if rv G U for some r € O, f G Vo implies 
that V £ U. This is equivalent to U being complemented in Vo (note that Vo is free). If 
U < Vo is any submodule we define the "'purification of [/" as 

Upure = {v eVo ■■ rv eU for some r G O} = (g)© [/) n Vo- 

Upure is pure in Vo and has the same O-rank as U. We call v E Vo pure if (v) < Vo is 
pure. Obviously, Vq < Vq is a pure submodule. In particular, we obtain 

^0=( © ^0(7) We, 

where Voil) = {v e Vo (T - 'y)''v = Ofor some k eN} = V^ OVo (7 G O) (we note 
that Voij) < Vb is a pure submodule). In particular, after reducing coefficients modulo 
p'" we see that 

VS O/p'' < O/p'' Vo 

is complemented. Moreover, T induces an endomorphism of Vq ® O/p^ and we define 
the submodule 

Vg[(S\ = {veVS® O/p" ■- T{v) = 0} < O/p" ® VS- 
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We set d = rkoV^ = dime F". In view of the following Lemma we note that the 
cardinality of any O/p^-module is a power of q and also that ea G N U {0}. 



Lemma. Let r he any integer satisfying r > ea. Then 

<f^''-'''^\{o/f®vs)/vsm. 

Proof. Since T is split there is a basis . . . , v^) of V"' such that the representing 
matrix of T is upper triangular, i.e. T{vi) = iiiVi + m for some m G {vi, . . . ,Vi-i)E for 
all 1 < z < d. The characteristic polynomial of T on then reads XT|ya = ni(^ ~ Mi); 
since XTI^a = Y\.Mi)='>'^ ~ t)""' deduce that fii = j for some eigenvalue 7 of T, 
hence, 

(2) Vp{ni) = a 

for all i. Multiplying the basis vectors Vi by a suitable scalar we may assume that 
vi, . . . ,Vd G Vq. We set 

Vq = {Vi,. . . , Vi)E r\Vg = {Vi, . . . , Vi)o,pure- 

Obviously, Vq is T-stable. Taking into account that & O and that T stabilizes Vq we 
obtain 

(3) T{vi) = HiVi + m, 

where now m € VJ~^. 

We inductively construct a sequence of elements v^, . . . € Vq as follows. We 
define Vi by demanding that {vi) = Vq = {vi)pure- Assuming that v^,. . . have been 
chosen we select any v^_^i G Vq~^ such that 

(4) Vl+' = VS(BOvl,. 

Notice here that Vq is pure in Vq and thus in Vq~^ , hence, Vq is complemented in Vq'^. 
Obviously, {v^} is a basis of Vq. 

By using the definition of Vq~^ we may write 

(5) v^+i = + evi+i) 

for some w G Vj, n G N U {0} and e G O. 
Using (5) and (3) we find 

T{v^_^_i) = -^{efii+iVi+i + fii+iw - iJ,i+iw + T{w) + em) 



= IJ.i+iVi+1 + {T{w) - m+iw + em) 
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Since v^j^i is contained in Vq and T leaves Vq invariant the last equation implies 
that :^{T{w) — iXi+iw + em) G Vo, hence, :^{T{w) — fii+iw + em) G V^,. Thus, with 
respect to the basis {v^} T has representaing matrix 



A 



/ Ail * 

V 



* \ 



* 



where all the *'s are contained in O. The theorem on elementary divisors then shows 
that there are basis {cj} and {di] of Vq with respect to which T has representing matrix 
in diagonal form 



(6) 



B = 



V 



Ad / 



Ai GO. 



Moreover, B is similar to A, hence, they share the same determinant 

d d 

(7) Y[\ = J{^^^ 



i=l 



i=l 



Let V = ^iPiCi G Vq be arbitrary. (6) implies that T{v) G P^Vq precisely if /3j G 
pr-vp{\i) pg^gg Vp{Xi) < r and /3j G O is arbitrary in case Vp{\i) > r. Since T(v) = in 
O/p'^ (g) Vq precisely if r(u) G p** we obtain 

\Vq[0]\ = JJg™'^{'''''P = gEz^=imin{'->"p(-**i)}. 

1=1 

Consequently, iV^fOJI divides gEi^p^-^*). Using (7) and taking into account that Vp{fXi) = 
ea (cf. (2)) we thus obtain 

\VSm\q^'". 

Since | O /p^ ^ Vq \ = q'^^ this proves the Lemma. 

1.3. Spaces of modular forms. We denote by L^^z < '^[X:V] the Z-submodule 
consisting of all homogeneous polynomials in variables X, Y of degree k. L^^z becomes 
a GL2(Z)-module under the action 

jP{x,y) = pC{y(^y^)), 7eGL2(Z), 

where Y = (det7)7~-'^. For any Z-algebra R we put L^ fi = L^^x^R- -^fc,Q is isomorphic 
to the unique irreducible finite dimensional representation of GL2(Q) of highest weight 
(fe, 0) with respect to the torus T2 of diagonal matrices in GL2. 
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We denote by To{N) resp. Ti{N), N the set of all matrices 

satisfying c = (mod A'') resp. c = 0,d = 1 (mod N). Tq{N),Ti(N) are arithmetic 
subgroups of SL2(Z) and for any arithmetic subgroup T < SL2(Z) we set 

S{T) = r\SL2(M)/S02(M). 

We further denote by A^fc(r) the space of holomorphic modular forms of level T and 
weight k and by 5fc(r) the subspace of cuspidal forms. Moreover, by Mk{TQ{N),x) 
resp. Sk{To(N),x) we denote the subspaces of forms with nebentype x- 

Similarly, we denote by Ko{N) resp. Ki{N) < ]^^GL2(Z£) the subgroups consisting 
of all elements 

satisfying q = (mod A^) resp. q = 0,d = 1 (mod N). Ko{N),Ki{N) < l{^GL2iZi) 
are compact open subgroups satisfying detKo{N) = detKi{N) = n^Z|. For any com- 
pact open subgroup K < Yl^ GL2 (Z^) we set 

s{K) = gl2(Q)\gl2(A/)/so2(m)m;. 

Assuming that det K = Z* we obtain as analytic manifolds 

S{K) ^ s{r), 

where T = Tj^ = GL2(Q) HK x GLJ(M) (in particular, S{K) is connected). 

For the remainder of section 1.3 we set T = ri(A'^) and K = Ki(N), where AT G N 
is arbitrary. Following [H], Theorem 2, p. 77, the space of modular forms of weight k 
with respect to this congruence subgroup decomposes as module under the Hecke algebra 
H = GL2{Af)/ /K as follows. We define the unitarily induced representation 

Ik is reducible and contains a unique proper subrepresentation D^, which has lowest 
S02(M)-type k and central character ^ ^ sgn'^(a)a^'"'^, a G M*. 

The space of holomorphic modular forms with respect to F = Fi(A?^) then decomposes 

Mk+2ir) ^ H\S{K),Lk,c) = Hk,{S{K),Lk,c) H',,,^{S{K), Lk,c). 

Here, 

(8) H',^^{S{K),Lk-2,c)= Trf 

TreAo{K,k) 
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with Ao{K, k) denoting the space of all cuspidal automorphic representation with infinity 
component isomorphic to and tt^ 0, 

(9) hUS{K),L,_2,c)= (Indx/)^ 
if A; > 2 and 

(10) HUS{K),Lk^2,c)= (Indx/)^© (Iiidx/)^ Xi| • ll'^' o det 

xeT{k) xeT(k) 

XlXj Vh^ X1X2^ = Ma 

if A; = 2, where T{k) is the set of all characters x = (Xi)X2) : 22(A) C* satisfying 
Xi.ook; = x^/"^, X2,ook; = x^/^-'', Xi,ooX2,oo(-l) = (-l)*" and (Indx/)^ 7^ 0. Moreover, 
Indx/ is the subspace of Indx/ = ^ij^oolndxi; generated by those tensors 'S'vV'v, for 
which at least one finite component is contained in the unique proper submodule of the 
reducible representation Indxij- 

We deduce that any irreducible subrepresentation p appearing in H^{S{K), Lj-^c) 
either coincides with the isotypical component H^^^^{S{K), Lk^c){''^f) for some 
cuspidal TT (notice multiphcity-1) or is contained in the isotypical component 
-^Eis('^(-^)' -^*;,c)(IiidX/) for some x ^ '^(^)- Hence, p is isomorphic to tt^ or to 
(Indx/)^. We denote by Q(7r) the field of definition of the representation tt/, tt G 
Ao{K,k). The corresponding representation tt^ of the Hecke algebra H also is de- 
fined over Q(7r). On the other hand, Gal(Q/Q) acts on the set X(k) of all characters 
X : Q\A C* satisfying x|k^ = I " loo W {'^x){x) = (^{x{x)). To sec that this action is 
well defined note that '^X = "^(xl ' ' l'^- As a consequence, GL2(Q) acts on T{k) by 
'^(Xi)X2) = C^Xi)'^X2) and we deduce that Indx/ as well as the representation (Indx/)^ 
of the Hecke algebra H are defined over Q(x) = Q(xi)X2)- We denote hy E = Er^k the 
composite of the fields Q(vr), vr G Ao{K,k) and the fields Q(xi)X2)5 X ^ T{K,k). In 
particular, Aik{T) and the decomposition (8) and (8) are defined over E. Note that the 
decomposition (8) is finite, hence, is a finite extension of Q. 

Using group cohomology we define an integrality structure on H^{S(r), L^^e)- To 
this end we denote by O the ring of integers of E. We fix a prime p G N and we select 
a prime ideal p < O lying above p. Ep resp. Op is the completion of E resp. O with 
respect to p. The inclusion 

i '■ Lk,Op ^ Lk^Ep 

induces a map 

f: H\r,Lk,Op)^H\T,Lk,Ep). 

We define 

-^^(r, -^fc,Op)int = Lk,Op)- 

Lemma. H^(r, Lk^Q^)i^i is an Op-lattice in H^(T,Lk^Ep)- Moreover, i : L^^Op ~^ 
L'k,Ep induces an isomorphism 

-f^^(r,i^fe,Clp)/-H'^(r, Lfe^ojtor — H^(r',Lk,Op)int, 
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where Vtor denotes the torsion submodule of the module V. In particular, 



Proof. The short exact sequence 

yields an exact sequence 

(r, Lk,Op )^H\r, Lk,Ep )^H\T, Lk,Ep /Lk,Op ) ^ H\r, Lk,Op ) • 
Taking into account that H^{T, L^p^) = we deduce that 

H\r,Lk,Ep)/H\T,Lk,Op)int ^ H\r,Lk,Ep/Lk,Op) 

is an isomorphism. Since Lk^Ep/Lk,Op — {Ep/Op)''^^ is a torsion Op-module we deduce 
that H^{T,Lk^Ep/Lk,Op) and, hence, 

(11) H\r,Lk,Ep)/H\T,Lk,OpU 

is a torsion Op-module. On the other hand, H^{T, Lfe,c)p)int is a torsion free, finitely gen- 
erated Op-module and since Op is a principal ideal domain we deduce that (F, L/^p^ )mt 
is a free module. Since (11) is torsion we deduce that H^{r, o^ )int is a lattice in 
H\S{K),Lk,Ep). 

To prove the second statement, we note that the short exact sequence above yields 
another piece of the long exact cohomology sequence 

H''{r,Lk,Ep/Lk,Op) ^ H\T,Lk,Op) ^ H\r,Lk,Ep). 

H^{T, Lk^Ep/Lk,Op) is a torsion module, which implies that keri* = imd is torsion, 
hence, kerz* = H^{r, Lkp^ )toi, because H^{r, L^^Ep) is torsion free. Thus, we obtain an 
isomorphism 

(12) H\S{K),Lkp,)/H\S{K),Lk,Op)tor ^ H\S{K),Lk,Op)inu 

which proves the Lemma. 

1.4. Mod reduction of irreducible GL2-modules. In this section £J/Q is 
a finite extension with ring of integers O and p < O is a prime ideal lying above p. We 
denote by Ep and Op the completions with respect to p. 

Recall that L^^^ is Op-free with basis , z = 0, . . . , A;. For any r G N we define 

a submodule 

Uk,Op,r = {X^-r-^Y^+\ ...,Y^)< Lk,Op. 
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We note that Op/ij/) Lk,Op = Lk,oJp'Lk,Op and SL2(Z) acts on Op/{f) (g) Lk^o^ 
via l{P{X,Y) +p'Lk,o,) = {lP{X,Y)) +p'Lk,o,- 



Lemma. 1.) The submodule Op/{p'^) ® Uk^Op,r ^ ^p/iP^) ^ L^p^ is Ti{p'^)-stable. 
2.) Any Y, 7 G Ti{f) ^ ^lip'') annihilates Op/ijf) ® Uk,Op,r- 

Proof. 1.) Let 7 = ^) ^ ^^i.P'') and let X'^-'Y' G Uk,Op,r, i-e. ^ > r. Then, 
7^ = ^ G Ti{p^) and we find 

= (dX-5y)^-^(yr {mod p^Lk,o,). 

V ' 

Since i > r, the term {dX — bY)^^'''{Y)'- only contains powers of Y with exponent 
strictly larger than r, hence, it is contained in Uk^Op,r- Thus, the coset jX''~'^Y'^ +p'^ L^^Op 
again is contained in Op/{p'') Uk,Op,r{< Op/{p'^) Lk,Op)- 

2.) Since Ti^p"^)^ = Ti{p''') and Op/{p''') Uk^Op,r is ri(p'')-stable, it suffices to prove 

that ^ ^ annihilates Op/{jf) ® Uk,Op,r- But this is obvious, since for any ? > r we 
find 

1 A x^-^Y^ =p^X^-^Y^ epWk,Op,v 



P) 

This completes the proof of the Lemma. 

We note that Opj^p"-) ® Lk,Op /Uk,Op,r = Op/(,f) ® LkpJOpl{f ) ® Uk,Opy, in par- 
ticular, the above Lemma shows that this quotient is a ri(p'')-modulc. 

Proposition. Fix r G N. If k,k' e'N satisfy k,k' >r and k = k' (mod p^*'), then 

Op/ip"-) ® Lk,Op/Uk,Op,r = Opiif) ® Lk',Op/Uk',Op,r 

as Viip^) -modules 

Proof. We assume that k' > k. We then may define a map 



(13) 



i: Op/{pn®Lk,Op/Uk,Op,r ^ Op/{pn®Lk>,OplUk', 



Op,r 



Xk-iyi + prLk,Op /Uk,Op,r ^ X^'-'Y' + p^Lk>,Op /Uk',Op 



where i = 0, . . . , r. Since Lk^Op = ©i=o ^pX^ *y* and recalling the definition of Uk,Op 
we find that 

r 

Op/ip'') Lk,ojUk,Op,r = Op/{pn X^-'Y\ 

1=0 
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(Here we need the asumption k > r.) The same holds true with k replaced by k' and we 
immediately deduce that (13) is an isomorphism of Op/(p^)-modules. 

We want to show that (13) is ri(p^)-equivariant. To this end let 7 = ^ 
be arbitrary. Since 7*^ ~ [ a = d = 1 (mod p^), c = (mod p^) we obtain 



for any < i <r 

= {dX - bYf-\-cX + aVy 

= {X- bYf-'{Yy (mod p'Lk,,o, /Uk>,o, 

k'-i 



= E (^'T'){-bf-'-'X^Y>''-^ {^odp^Lk>,ojUk',o„r 



2=k'—r 



= (*; : :) ^^'-'y (/: J X— + . . . + (-,r-' (*; : ;) X" 

fk' - t\ y_i i . . 1 (k' - l\ y_i_i ij^i , . . , (_h\r-i ^ A vk'-r^ 



= {-bY\^ ^ jx'^-'Y' + {-by\^ ^ jx''-'-'Y'+' + --- + {-by-'y^_.jx^-''Y 

In the same way we find for any Q <i <r 

^X^-iY' = {-bf{^~'^X^-'Y' + {-bf{^~'^X^-'-^Y'+^ + --- 

■■■ + I '^X^-^Y^ (mod p''Lk,ojUk,o„ 

We claim that for all < j < r — i the following congruence holds 
(14) (^':'\^(^\ {r^odf). 



The above equations together with (14) immediately imply that for all < z < r, 

i^{X''-'Y'+p'Lk,ojUk,o„r) = lX^'-'Y'+p'Lk,^ojUy^o,,r 

= ^i{X^-'Y'+p'Lk,oJUk,o„r), 



hence, i is ri(p'')-equivariant. 

It remains to prove (14). Since j<r — i<rwe obtain 

Vp{j\) < Vp{r\). 
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Let J2h '^hp'^ t)e the p-adic expansion of r; the p-adic valuation of r! is then given as 

^ h 

(cf. [N] (5.6) Lemma, p. 143). Hence, 

Vpij\) < Vp{r\) < ahP^ = r. 

h 

Taking into account that 

fk' - A _ jk' -i)---{k' -i- f + 1) 
\ j J~ ?! 

we see that k = k' (mod p^'^) and Vp{j\) < r imply 

This finishes the proof of equation (14) and, hence, the proposition is proven. 

Remark. The statements of the preceeding Lemma and Proposition in particular 
hold if we replace Ti{p^) by the (smaller) group Ti{Np'^). 

1.5. The slope a subspace of A4k(^i{Np)). We fix a prime p G N, p > 2 and a 
"tame level" iV G N, i.e. {N,p) = 1. We set L = Ti{Np) and we denote by Tp the Hecke 
Operator 

Tp = r,{Np)(^^ °)ri(ivp). 

We choose a finite extension E/Q such that Tp is split on H^{T, L^^e) and we denote 
by O the integers of E. Furthermore, we select a prime ideal p < O dividing p and we 
denote by Ep and Op the completions. 

We recall the definition of the action of the Hecke operators on group cohomology. 

Let 

T = Far = 11 Tai 

^-^i=l,...,m 

be the decomposition into F left cosets. For any 7 G F the element ai'j is contained 
in FaF and we therefore can write 0^7 = (7)0^(4-) for some 1 < Tr{i) < m and some 
Pii'j) G F. Let u; : F'^+^ ^ M be a homogeneous cocycle representing a class in 
H'^{r,M); then 

m 

(15) {Tuj){-fo, . . . ,7d) = 5I"i'^('^i(^o)' ■ ■ -^Pihd))- 

i=l 

Note, that with this definition of the action of Hecke operators on group cohomology the 
Eichler-Shimura isomorphism becomes Hecke equivariant (cf. [Hi], p. 176, 177) 
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Since Tp acts on cohomology we obtain a corresponding slope decomposition 

H\T,Lk,E) = ®H\T,Lk,ET. 

a 

Moreover, Tp acts on cohomology with integer coefficients, hence, Tp leaves the lattice 
ii"^(r,L/j c)p)int stable. We deduce that 

• the slope a subspace is non-trivial only if a G ^NU {0}, where e is the ramification 
index of p|p and 

• 

(r, Lk,o, )rnt = (r, Lk,o, )int n (r, l^.e)" 

is an Op-lattice in H^iV^Lk^E)^ (cf- Remark in section 1.2). 
In particular 

(16) ranko^i/i(r,Lfe,oJ°t = d\mEH\T ^Lk^ET ■ 

We denote by Tp^r = ^i{Nf) ^ Ti{Np'') the Hecke operator of level Np'', i.e. 
Tp = Tp^i. 

Lemma. Tp^r annihilates H*{J^i{Np^),Ukp^^r® Op/ {p^))- 
Proof. We write 

Tp,r = \jTi{Np')Pi 

The Lemma then is an immediate consequence of section 1.4. Lemma 2.) and (15) taking 
into account that Pi G ^i{p^) ] ri(p''), i = 1, . . . ,m. 



Although we will not need the following result we record it because it is of indepene- 
dent interest. 

Proposition. Tp acts nilpotently on the Torsion submodule H^{ri{Np), Lk,Op)toT of 

H\Ti{Np),Lk,o,). 

Proof. We continue to set V = Ti{Np) and we denote by 

Wiri{Np),Lk,o,W] 

the submodule of H^{Ti(Np), Lk^o^) consisting of all elements which are annihilated by 
p"^. The short exact sequence 

yields the exact sequnce 

{Lk,Op/p"'Lk,Op)^ = H^{'r,Lk,Op/p"'Lk,Op) H^{r,Lk,Op) ^ H^{r,Lk,Op)- 

Thus, 

H\T,Lk,OpW] = S{{Lk,oJp''Lk,Opf) 
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and since S commutes with the action of Hecke Operators it is sufHcient to prove that 
Tp acts nilpotently on (i^fe,cip/p"i^fe,c)p)'". An easy computation yields 

hence, for any v G {Lk,Of/p"'Lk,Of,f = -H"°(r,-Ljfc,c)p/p"Lfe,Op) we obtain 

/I 

(17) Tv = J2[ 



u=0 



Equation (17) defines an Operator on all of ife.Op /p^-Zjfc,©^ , which we also denote by Tp. 
We then will show that Tp acts nilpotently on q^/p^'Li^.^q^, which implies that it docs 
so on F-invariants. Recall that L^^q^ = ®^=o OpX^'^Y^. For any j = A:, . . . , we denote 
by Lj the image of 

in -^^fc,c)p/p"^fc,c'p. (17) implies that Lj is invariant under Tp and we show that for all 
j = k, . . . ,1 the operator Tp annihilates Lj/Lj^i; this in particular implies that Tp acts 
nilpotently on L]^ q^/p°'L]^ q^ . We first assume j = k; then Lfc/Lfc_i = {X^) and TpX^ = 
T.i~=o{X + = J2u^^ = P^^ (mod Lfc_i), hence, T^X^ = p^X^ = (mod Lfc_i). 
If i < then Lj/Lj_i = {X^Y^~^) and TpX^V''-^ = El^li^ + (pY)^'^ = 
Y^^p^-^ X^Y^-^ (mod Lj_i), hence, T^X^Y^-i = p<k-3)xiY^-o = (mod Lj_i). 
Thus, Tp acts nilpotently on i^fe,Op/p"-^fe,Op and therefore also on H^{r, i^jfc,Op)[p"], which 
proves the Proposition. 

Theorem A. Fix any a G Q>o- Then, there is M{a) G N such that 

dim H\r,iNpl-^+'),Lk,cf <M{a) 

0<P<a 

for all k > 2. In different words, ^q<^<^ dimi7-'^(Fi(Arp[°l+^), L;i.,c)'^ *5 bounded inde- 
pendently of k. 

In the above theorem, the slope a subspace i?^(Fi(Afp["]+^), Lk,c)" is defined with re- 
spect to the Hecke operator Tpj,,]+i = Fi(Afp["]+i) ^ Ti{Np^"^+'^) of level Afp["]+^ 

Proof. We set r = [a] + 1, hence, r > a, and only in this proof we put F = Ti{Np^). 
We choose a finite extension E/Q such that Tp^r splits on H^{T, Lk^s) (notice that E 
depends on k). We denote by O the ring of integers of E and we select a prime ideal 
p < O above p. As before, Op rcsp. Ep is the completion of O resp. E with respect to 
p, e is the degree of ramification of p\p, hence, a G U {0} and q= p^ = |Cp/p| is the 
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cardinality of the residue field. Finally, if L is any coefficient system, we shall sometimes 
use H^{L) as a short hand notation for H^{T, L). 

Since the slope decomposition of H^(T, L^^c) is defined over Q wc have 
H^{r, Lk^cY = ^^Hr, Lk,Ef ® C, thus, after tensoring with Ep we are reduced to show- 
ing that 

0</3<a 

is bounded independently of k. By using (15) this in turn is equivalent to proving the 
boundedness of X^o</3<a varying k, where 

We set T OK = H^iT, Lk^Op )tor- The isomorphism 

f : H\T,Lk,o,)/rOn ^ H\r,Lk,o,)int, 
(cf. (12)) induces an isomorphism 

Moreover, the short exact sequence 

^ Lk,o, ^ Lk,o, ^ Opiif) ® Lfc,o^ ^ 
induces an exact sequence (via the long exact cohomology sequence) 

Note that i?^(r, M) = for all F-modules M and (-p^)* again just is multiplication by 
]f . We obtain a rp^j.-equivariant isomorphism 

(18) H^{VM.o,)lfii\^M.O,) ^ B.\V,Opl[f)®Lk,o,) 

induced by reduction mod ]f of the values of cohomology classes. 
The short exact sequence 

^ ® Op/if) ^ Lk,o, ® Op/ip') ^ Lk,ojUk,o,,r ® Opiif) ^ 0, 

where j is the inclusion map and p : v ® {v -\- Uk^Op,r) ® ck the canonical projection 
(note that Uk,Op .r is complemented in Lk^Op i which yields the exactness of the above 
sequence), yields via the long exact cohomology sequence an exact sequence 
(19) 

II TT* 

H\Lk,o,)®Op/{p')). 
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We denote by TOTl (g) Op/(pO = {t®l,te TOTl) the image of TOTl in H^{Lk,Op) ® 
Op/{p'^); the assignment 

^: H\Lk,o,)®Op/{f)/TOn®Op/{p^) ^ {H\Lk,o,) /TOTZ) ® Op/ {p^ 

x®i + Ton Op/{p') ^ {x + Ton) ® 1 

then defines an isomorphism and after dividing by T = TOn® Op/{p^) we obtain from 
(19) the fohowing diagramm with exact rows 



{H\L,^o,)®Op/pn/T 
j* P* 

ii\Uu^o,,r®Opif)ir\r) H\L^,o,)-u.,®Opi{f) ^C^' ifi(^®Op/p-)/p*(r) 

u 



Here, (j*)' = i*oipoj* and (p*)' = p*o{i*otf) i. By the above Lemma, Tp^r y pj^ 
annihilates H^{Uk,Op,r ^p/p^)^ hence, Tp^r also annihilates 

X = H\Uk,o„r ® Op/{p'))/j-\TOn ® Opif) 
as well as the image of X under (j*)'. For any /? G Q satisfying < /3 < a we set 

X^ := ifYiX) n H\L,,oXt ® Op/iP') 

and we deduce that C H^{Lk,Op)intM for all < /? < a (for the definition of 
H^{Lk,Op)iati^] see section 1.2; recall that Tp^r annihilates X^). Taking into account 
that (p^) = p^^ and er > ea > e/3, the Lemma in section 1.2 yields 

qe4(r-P) I lH\L,^oXt ® Op/{pn/XP\. 

Since r — (3 > r — a{> 0) this immediately yields 

(20) q<^'-''~^ I |^f'(Lfc,0,)fnt ® Op/if )/xP\. 
On the other hand, {p*)' induces an injection 

(21) {H\L,,,o,)L ® Op/p^/X^ H\Lk,o,/Uk,o„r ® Op/{p^))/p*{T). 

0<f3<a 

To see that this holds let Ylo</3<a ^ ©0</3<a H^i^k,Op)int'^^p/P^ be contained in the 
kernel of (p*)'- Then {p*y(h^) is contained in the slope-/? subspace of the target space of 
{p*y and since the slope decomposition is a direct sum decomposition, {p*y{J2p h^) = 
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implies that {p*yih^) = for all /?. Thus, G ker (p*)' n H^iLk,Of)ir,t ^ ^pM, which 
by the exactness of the rows of the above diagram equals X^. Therefore, ker(p*)' = 

As an immediate consequence of (21) we find 

(22) n \(HHLk,oXt ® Op/{p^))/xP\ I \H\L,,o,/U,,o„r ® Op/(p^))|. 

0</3<a 

Since r = [a] + 1 equations (20) and (22) together yield 

(23) ^eEo<,<„<if (H+1-") I \H\Lk,0,/Uk,0„r ® Op/(/))|. 

We want to replace C'p/(j)'')-modules appearing in (23) by Z/(p^)-modules. Taking 
into account that Op is a flat Zp-module we find 

(/Zat:24) H\Lk,zjUk,z„r ^z,^p/{pl) ^z. Op = H\Lk,zjUk,z^,r ^z, ^p/ip') ^z. Op) 

= H\Lj,,zJUu,Z„r®Z,Op/{p')) 

= H\Lk,zJUk,Z„r O Op/(p")) 
= H\Lu,oJUk,0„r®0,Op/{pn) 

Since H^{Lk^Zp/Uk,Zp,r ®Zp '^p/{p^)) is a torsion Zp-module we have 

n 
i=l 

Using (24) we deduce that 

n 

Furthermore, using that \Op/{p^)\ = = {Lp/ {p^)\^^v-^v\ we obtain 

|i7i(Lfe,o^/Lfe,o^ Op/(p^))| = |i?'(l^fe,z,/C/fc,z„r Zp/(p'-))|[^''^«-] 
Together with (Div) and taking into acount that = p^^ = p^^v-'^v] ^e thus obtain 
(25) p^.<,<.4[EMM+i-o.) I \H\Lj,,zjUk,z„r ®z, Zp/(p'-))|[^^^Q-l, 

which immediately yields that 

4< s(r. A;) := _ log^ |i7i(Lifc,z,/i^fe,z„. (8)z, '^pUpDV 
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The Proposition in section 1.4 implies that s(r, A:) for A; > r = [a] + 1 only depends 
on the residue class of k modulo p^^T,, hence, we obtain 

d1<M{a) := max{s(r, 2),... ,s(r,r),s(r, A;), k = r + 1, . . . ,p'^''}. 

0</3<a 

Since r = [a] + 1 we see that M{a) only depends on a, i.e. it does not depend on k. 
Thus, Ylo<i3<a bounded by a constant, which only depends on a and the proof of 
the theorem therefore is complete. 

We fix an arbitrary a G Q. The embedding 

MkiTiiNp)) ^ Mfe(ri(ArpH+i)) 

commutes with the action of the Hecke Operator Tp on Mk{^i{Np)) and Tp^r on 
A^fc(ri(A'^p["l+^)), because the level of both spaces is divisible by p (cf. [M], Theorem 
4.5.10, p. 143). Hence, we deduce an embedding 

Mk{Ti{Np)r Mfe(ri(ArpH+i))'^ 

which immediately yields that 

dimcMkiTi{Np))(^ < Y dimcMfe(ri(iVpN+i))/3 

0</3<a 0<l3<a 

< Yl dimcifi(ri(iVpM+i),L,,c)'' 

0<P<a 

< M{a). 

for all > 2. Thus, we have proven 

Corollary. Let a G Q 6e arbitrary; for all k >2 the following inequality is true: 

Y dimcMfe(ri(iVp))^ < M(a). 

0</3<a 



In particular for any Dirichlet character x • (^/NpZ)* — > C* we obtain 

dimMk{ri{Np),xr < M{a), 

where Mk{^i{Np),x) is the space of modular forms of weight k, level Ti{Np) and 
nebentype x- We set 

d{a) := max dime MkiTi{Np),xT , 

k>2,x 

where x runs over all Dirichlet characters of level Np. The Corollary may then be 
reformulated by saying that d{a) < oo. 
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2 The topological trace formula 

2.1. The Borel-Serre compactification. We set G = GL2 and we denote by Z^o 
resp. the center of G{R) resp. the connected component of the center of 
which contains the identity. We set K^o = S02(M) and denote by = the Cartan 

involution attached to K^o- We set Pq = { ^* **)^ ~ ^^^^ ^^'^ ^0 = { }• We let 

P < G(R) be any minimal parabolic subgroup, which is defined over Q. P(R) contains 
a unique real torus Sp, which is stable under 9 and satisfies P(R) = '^P(R) x Ap, 
where Ap = Sp{M.)^ is the connected component of 1 G S'p(]R). In case P = Pq we 

find Ap = {(^ d) '^'^ ^ " "^(^^ ±1) ' " ^ ^^"""^^ 

pp e Hom(S'p(R),M*) the weight of the action of Sp{R) on Up{R). Clearly, 

Moreover, if Q = ^P, k € K^o, then Sq = ''Sp and, hence, 

(1) pQ{t) = pp{k-Hk) 

for all t G Sq{M.). pp induces an isomorphism of groups 

(2) pp: ^p/Z^^(0,oo). 

We define the distance function attached to P as 

£p: G{R)/Zl ^ (0,00) 
g \pp{a)\oo, 

where g = uakZ^ G ^P{R)ApKoo/Z^. Clearly, £p factorizes over Xooj i-c- ^p descends 
to a function on G{R)/KooZ^. (1) immediately imphes that for k G K^o and ]5 G P(M) 

(3) hp{kpk-^) =£p{p). 

If 5 G G(Q) is arbitrary with Iwasawa decomposition g = kb E KooP{R) we obtain 
(3') i.pi'p) = IkpC^'p) = IpCp) = lp{p), 

i.e. (3) even holds for arbitrary g G G(M) instead of fc G K^o- 
The face associated to P is defined as 

e(P) = '^P(M)/i^p = P(M)/ApKp, 

where iiTp = K^o n P(]R). For any t G (0, 00) we set Up^t = e(P) x (i, 00). The map 



if. e{P)xAp/Z^^ = P{R)/KpZl ^ G{R)/K^Z^^ 
ipKpAp,aZ^)=paKpZ^ ^ paK^Z^^, 
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where p G = P{M.)/Ap, defines a homeomorphism and we obtain the following 

diagram 

Up,t = e{P) X (t,oo) 
" C " / \^ 
e(P)x(0,oo] G(R)/KooZl. 

We identify the face e{P) with e{P) x{oo} and we define a topological space by gluing 
e{P) X (0, oo] to G{M.)/KooZ^ along Up^t, where t G M+ is chosen sufficiently large. The 
resulting space is the disjoint union G{R)/K^Z^ U e(P). Repeating this gluing process 
for all P & V, where V is the set of all proper, parabolic subgroups P < G, which are 
defined over Q, we finally obtain the Borel-Serre compactification 

We set 

X = G{R)/KooZl. 

The action of G(Q) on X extends continuously to the boundary dX = X — X, i.e. for 

an arbitrary clement x £ dX we set 7X = lim„_>oo T^^n, where a;„ G X is any sequence 
such that lim„_>oo = x. To make this more explicit, let 

X = pKpAp e e{P) C dX, 

i.e. p G ^P(M), and let 7 G For simplicity, in the remainder of this section we 

assume P = Pq. Then, x = lim„a;„, where x„ = {pKpAp,anZ^) = panK^oZ^ G X 
with an G Ap (cf. (4)) such that UnZ^ ^ 00 in Ap/Z^ for n ^ 00 (cf. (2)). Also, 
write 7 = uak with u G ''''^P(]R), a E Aip and k G K^o; we obtain 

(5) jXn = JpanKooZ^ = {uakpk~^a~^) {akank'^) KooZ^ 

^ {uakpk~^a''^K-ipA-yp,akank~^Z^) 
G ^°P(R)/K7pA7P X A^p/Z^. 

Since "^P = ''P we find uakp{ak)-'^ G '^°P(M) and since G(fcApA;-i) = kApk'^ and 
/c^pA;""^ C '^P we deduce that fcApA;"-'^ = Aip, i.e. akank~^ G ^7p. In different words, 
the diagram 

G(M)/i^oo^^ G(M)/Koo^^ 

(5') T T 
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commutes. In particular, using (3) and taking into account that '^P = '^P, we see that 

iipilXn) = e-tpiakank^-^KooZ^) 

= £-fp{a)£kp{kank~^) 
= £ip{a)£p{an) 

= i-fpil)ip{Xn). 

Hence, we obtain 

(6) £"ip{lXn) = £-ip{l)£p{Xn). 

(6) immediately shows that i"/p{'jXn) — oo for n — > oo, because £p{xn) — > oo. Hence, 
7X = lim„7a:„ G e{^P), i.e. the action of 7 G G'(Q) leaves the boundary invariant: it 
maps the face e(P) to the face ei^P). More precisely, passing to the limit for n — > 00 in 
(5) we obtain 



(7) 7x = lim7x„ = \\m.{uakpk "^a ^KipAip,akank ^Z%.) 

n n 

= {uakpk^^a~^K-,pA-tp, 00) 
= uakpk-^a-^K^pA-yp e e^P). 

Thus, we obtain the following: let 7 = uak G '^^P{R)A-fpKoo; the map 

f^: X ^ X 
a; I— > 7X 

extends continuously to a map 

/y : X ^ X, 
whose restriction to a single face is given as 

x = pKpAp ^ uakpk-^a-^K-rpA-rp (p G °P(M)). 

We note that in order to extend to the face e(P) it would have been sufRcicnt to 
consider the map fy on a neighbourhood [t, 00] x e(P) of e(P), i.e. to consider the map 
/7 : [t, 00] X e(P) — > [s, 00] x e(P) where t is sufficiently large as compared to s. 

We look closer at the case 7 G P(Q). Since P equals its own normalizer we see that 
7e(P) C e(P) if and only if 7 G P(Q). There is a homeomorphism 

{±1} X M ^ e(P) 

ie,u) ^ (' ''^ApKp. 
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Notice that e{P), = {(^ ^ ^ KpAp, ti € M}, e = ±1, are the connected com- 
ponents of e{P). Let 



x = {e,u,a)=(' l)GeiP) 



and let 



7 



0-1 



1 pi\ fa 



1 |^ 



with ai, £72 G {±1}, /3 G Q and a, (5 G Q^. We then obtain from (8) 



GP(Q) 



7a; 



(Tie 



o"2 



1 ^ + ^ 



I.e. 



7 : 



e{P) 
1 tt 



(Tie 



0-2 



e(P) 

^ 5 ^ e 



KpAp. 



We deduce the following: 

(9) Let X G e(P); then, 7a; = x holds precisely if either 

• a = 5 in which case /? = 0, i.e. 7 G ^(Q) 
or 

• a 7^ (5 in which case (Ti = (T2 (to ensure that 7 respects the connected components 
of e(P)) and = ^ + f. 

In the first case the whole face e{P) is fixed by 7, whereas in the second case there 
is only one fixed point p = (e, g(i_Qg-i) ) in each of the two connected components e(P) 
corresponding to e = ±1. Moreover, in the first case 7 is central and in the second case 
7 is hyperbolic, thus, 7 never is unipotent. Note that we call an element 7 hyperbolic if 
its characteristic polynomial decomposes = {T — ai){T — with ai 7^ 02. 

We recall that equation (6) holds for elements Xn = {pKpAp, a„Z^) <->■ panK^Z^ G 
X with arbitrary a„ G Ap/Z^ and p G ''P(M), i.e. equation (6) holds for arbitrary 
X = paK^Z^ G X. Since we assume that '^P = P this yields 



(10) 



ip{7x) = ip{j)ip{x). 



We look at the quotient space. For the remainder of section 2 F < G{Q) denotes an 
arbitrary arithmetic subgroup, although later on we shall only need the case F = Ti(Np), 
{N,p) = 1. Since F acts on X and on X we can form the quotient spaces F \ X and 
r\X. We set Fp = F n P(Q); the map (p then induces a map 



V^: Fp\(e(P) X [t,oo)) F \ X. 
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Here, Tp acts on e(P) = ^P{R)/Kp by left multiplication. It is a consequence of 
reduction theory that for t sufficiently large this map is an injection, i.e. (p extends to 
an injective map 

if : Tp\e{P) X [t,oo] ^r\X. 
In particular, we obtain an injection 

ip:rp\ e{P) ^T\dX 

We shall identify the space Tp\ e{P) with its image under ip. Clearly, the boundary is 
invariant under the action of T and we obtain 

a(r\X) = r\aX= (J rp\e(P). 

PG'P/~r 

Here and in the following, "a ~g ^" denotes that a and h are conjugate by an element 
7 G G, i.e. P Q means that Q = '^P = 7-P7~^ for some 7 G F. 

The map fa, a E G{Q), also extends continuously to the boundary: we set V = 
r n a~^Ta. fa induces a map 

fa-. r'\x ^ r\x 

X I— > ax. 

For any parabolic subgroup P < G{Q) we set Tp = T n P(Q) and T'p = F' n P(Q)(= 
Fp n a~^Ta). The restriction of fa to a face then reads 

(11) /„: F^\e(P)^F.p\erP) 
and it is the unique continuous extension of the map 

(12) fa : F'p \ e(P) x [t, 00) ^ Fap \ e^P) 

(note that aFpa~^ C Fp). As a consequence, the map (11) is uniquley determined by 
the map (12), which has domain of definition resp. target inside the interior of F' \ X 
resp. T\X. 

2.2. The Hecke Correspondence. We fix an arithmetic subgroup F < G(Q). 
Let a G G(Q) and set F' = F n a'^Ta. The pair of maps 

r\x 

fc 

/ 

(13) T'\X 

fi 
\ 

T\X, 
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where fa '■ T'x i— > Tax and /i : T'x h- > Fx, induces a correspondence on r\X via 

rx ^ ^ ye c%r\x). 

2/6/a/r'(ra;) 

Since the maps fa and /i extend to the boundary, the correspondence (13) too 
extends continuously to a correspondence on the boundary of r\X: 

r\dx 

u 

_ / 

(14) V'\dX 

fl 

\ _ 

r\dx. 

Clearly, this correspondence is uniquely determined by the correspondence (13) and an 
explicit formula for the restriction of the correspondence (14) to the boundary follows 
from equation (8). 

We denote by Ck the locally constant sheaf on T\X, which is attached to the repre- 
sentation Lfe of G(Q). Ch extends to a sheaf on the Borel-Serre compactification T\X, 
which we again denote by Ck- The Hecke correspondence (/i, fa) '■ T'\X T\X induces 
an endomorphism of the cohomology H'{T\X,Ck) as follows. Denote by Cf^ the locally 
constant sheaf on r'\X attached to L^. The topological morphism fa '■ T'\X T\X 
induces a morphism of sheafs 

fa'- ^'k- 
Explicitely, \iU (Z V\X is an open subset, then 

S l-^' so fa. 



Fix a decomposition TaT = {j^^iTaji, ji G T. We define a morphism of sheafs 

fl* '- ^k ^ ^k 

as follows: let U C T\X be arbitrary, then 

fu-- C'^{f^\U)) ^ Cj{U) 

s ^ {ra; ^ Ei=i7i ^s(7ix)} {x&X). 

fu and /* induce morphisms in cohomology and we define the Hecke operator T{a) 
on cohomology as the composition 

T{a) : H'{T\X,jCk) ^ i?*(r'\X,4) ^-^ i?'(r\X, A). 
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2.3. Restriction of the Hecke correspondence to a single face. We say 

that a correspondence (ci,C2) : dT'\X dT\X restricts to the face Tp\e{P) C dT\X 
if there is a face rQ\e{Q) C r'\dX such that 

(15) r'Q\e{Q)Cc^\Tp\e{P)) 
and 

(16) C2(r'Q\e(g))crp\e(P). 

We recall that F'q = F' f] Q(Q). We define the restriction of (ci,C2) to Tp\e{P) as the 
union of the correspondences 

rp\e(P) 

C2 

/ 

rb\e(Q) 

Cl 

\ 

rp\e(P), 

where VQ\e{ff) runs over all faces in T'\dX satisfying (15,16). 
We specialize to the case of a Hecke correspondence 

(17) {hja):r'\x^r\x, 

for a fixed a € G(Q). Of course, in this case T' = F n a~^Ta. We have seen that (AE) 
extends continuously to a correspondence on the boundary 

(18) ifija): dT'\X=>dr\X. 

We want to determine the restriction of (18) to the face Tp\e{P) and proceed as follows. 
First, we note that there are bijections between the following sets of objects: 

(i) faces r'Q\e{Q) in r'\dX satisfying (15,16), 

(ii) r'-conjugacy classes of parabolic subgroups Q < G satisfying 

(15') Q^rP 

(16') aQa-^ ~r P, 

(iii) double cosets Tp^Tp C TaT n P(Q) (note that necessarily /3 e P 
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The bijection (ii) — > (i) is given by 



Furthermore, let TpfdFp C TaT fi P{Q) (cf. (iii)). P then may be written as (3 = 720:71 
and the bijection (in) — > (ii) is given by 

TpPVp ^ 71 ^7r^ 
(cf. [G-MacPh], 7.4 Lemma). We write 

m 

(19) Tar n P(Q) = IJ FpaiVp 

i=l 

with CKj G -P(Q) (note that TaT fl P(Q) is Fp-invarinat from the left and from the right, 
hence, (19) is the Fp x Fp-orbit decomposition of FaF n P(Q) and that FaF fl P(Q) is 
contained in P(Q), hence, ctj G P(Q)). Moreover, may be written as = 7i,2Q;7i,i, 
where 7^,1,72,2 G Tj and we set 

Qi = li,iPir^i ■ 

The above bijections then show that Qi, . . . , are precisely a set of representatives of 
the F'-conjugacy classes of parabolic subgroups satisfying (15') and (16'). The restriction 
of {UE) to the face Fp\e(P) therefore is the (disjoint) union of the correspondences 

Fp\e(P) 

U 
/ 

(20) r'Q^\e(Qi) 

h 
\ 

rp\e(P), 

where i = 1, . . . ,m. 

We want to analyze more closely the correspondence (20). Quite generally we say 

that two correspondences (fai, fa-z) '■ T' \ X ^ T \ X and (//3i, //^j) ■ T" \ X ^ T \ X 
are isomorphic if there is 7 G G(Q) such that the diagram 

ifa.Ja,): r'\X =X T\X 

(21) / T II 

ifp„M-- r"\x =x T\x 

commutes, i.e. fi3i o f = fau i = 1, 2. Here, F' = F n a~^Ta and F" = F n /3~^F/3 and 
/ denotes the map which sends x jx. We obtained the correspondence (20) on the 
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boundary dT\X as the continuous extension of a Hecke correspondence on X. There is 
a second type of correspondences 

rp\e(P) 

u 

/ 

(22) r'p\e(P) 

/i 
\ 

rp\e(P), 

defined on the boundary: for any a G P(Q) these are obtained as the continuous exten- 
sion of the correspondence defined by the pair of maps 

rp\([s,oo) xe(P)) 

/a 
/ 

(23) r'p\([t,oo)xe(P)) 

/i 
\ 

rp\([s,oo) xe(P)), 

where : V'pX i— > Vpax and f\ : VpX ^Vpx (note that "P = P). The correspondence 
(20) then is isomorphic to the correspondence 

rp\e(P) 

/ 

(24) r'p^Ae(P) 

/i 
\ 

rp\e(P), 

where T'p • = Tp n a'^Pa, (cf. [G-MacPh], section 7.6). 

2.4. The trace formula. Wc will apply the result from the previous section 
to determine the contribution of the boundary to the Lefschctz number of the Hccke 
correspondence. We fix an arithmetic subgroup F < G(Q) and an element a G G(Q). 
As in section 2.3 we write VaV n P(Q) = lji=i,...,mrp«jrp with a, G P(Q) and we also 

write OLi = ji,2(x^i,i, li,i,li,2 e T and set Qi = ^i,iPj~l. 
We denote by 

Fa = {x e dr'\x : Mx) = Ux)} 

the set of fixed points of (/i, fa) on the boundary. Furthermore, for any P G ~r we 
set 

F9,P = {x G Pa : /i(a;) = /„(x) G Fp\e(P)}, 
i.e. Fg is the disjoint union 

Fd= (j Fq^p. 
PeP/~r 
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The above description of the restriction of the Hecke correspondence to the face e(P) 
impUes that 

Fd,P = \J. ^ Fq„ 

^~'i=l,...,m, 

where 

Fq, = e T'Q^\em : Ux) = h{x)} 

is the set of fixed points of the correspondence (20). 
We denote by 

Fp, = {x € r'p^MiP) : h{x) = /„,(x)}, 

i = 1, . . . , rn, the set of fixed points of the correspondence (24). Since the correspondences 

(24) and (20) are isomorphic the definition of isomorphism of correspondences shows that 
the fixed point sets of (20) and (24) are isomorphic (under the map / : x ^x defining 
the isomorphism of (20) and (24); cf. equation (21)). Hence, for our purposes we may 
replace Fq^ by -Fp,^. We look closer at Fp^i and set 

^p,i = {a; G e(P) : rjx = x for some rj G Tpai}. 

Moreover, for any rj E Tpai we put 

(25) Xp^n = {xe e{P) : rjx = x} 

and we define Fp^ri = 7i"'(^p,?j)- Here, tt' : e(P) — > T'p^e{P) is the canonical projection. 
T'piX G Fp^i is equivalent to the existence of a 7 G Tp such that ^UiX = x, hence x G Xp^^^ 
with -q = jai G Tpai. Thus, T'p^x G Fp,,, and we deduce that Fp^i is the union of the 
Fp,n, f] G Tpai. Moreover, if Fp^^ n Fp^^ ^ ^, r], fi £ Tpai, then there are x G Xp^^ and 
y G Xp f^, such that jx = y for some 7 G Tp .. By using the definition of Xp^^ we obtain 
/X7X = 7X, i.e. ^^^ii^x = X. Since r]x = x and T is assumed to be torsion free we deduce 
that 77 = 7~"^/x7. If, on the other hand, rj = 7~^/^7, 7 G T'p^ then, for any x G -X'p^^ we 
find /j.'yx = 77~^//7x = 7770; = jx, hence, 7X G Xp,^- This implies that 7-^p,r/ C -^p,/i 
and, by symmetry, ^Xp^^ = Xp^^. Thus Fp^,, fl Fp^^ 7^ 44> r/ and ^ are Fp --conjugate 
and in this case we even have Fp^^ = Fp^^. Hence, altogether we have seen that 

Taking into account that ^aiT'p^ 7Q;jrp defines a bijection Tpai/ ^v'p^^ 
TpaiTp/ (cf. [B], Lemma 3.3 (iii), p. 46), we finally obtain 

m 

(26) i^a = U U U Pp^n 

= u u 

PeV/r^T 7?e(rarnP(Q))/~rp 
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Here, the second equality is a consequence of (19). We note that (19) impUes that 
rj G TaT fl P{Q) is contained in a uniquely determine double coset 77 G TpaiTp/ ~rp = 
Tpai/ ^Y'p - foi' ^ some i € {l,...,m}. Thus, r] uniquely determines the index i € 
{1, . . . , m} and, hence, the set Fp^, which is the set of fixed points of the correspondence 
(24). 

We say that the face rp\e(P) is attracting resp. equidistant resp. repelling 

if the correspondence (23) is attracting resp. equidistant resp. repelling, i.e. if 
Wc.M)) > Wi{x)) resp. (.pUaA^)) = Wi{x)) resp. ^p(/a,(x)) < ^p(/i(x)) 
for some x G T'p-\Up^f Since € -P(Q), equation (Fl) shows that rp\e(P) is at- 
tracting resp. equidistant resp. repelling precisely if £p{ai) > 1 resp. £p{ai) = 1 resp. 
£p{ai) < 1. 

Remark. 1.) In particular, we see that if lp{fa-{x))llp{fi{x)), ? = " >,=,< ", 
holds for one x G T'p-\Up^t then it holds for all x G ^'pi\Up^t (because then ip{ai)71). 

2.) The attracting property of the face r'p-\e{P) is well defined, i.e. it only depends 
on the r'-conjugacy class of P. To sec this, let 7 G T'; then, conjugating with 7 and taking 
into account that F' C F we find that FpOjFp C FaFni-*(Q) is equivalent to F7p^aiF7p C 
FaF ri^P(Q). Thus, the assignment Fpa^Fp 1-^ Ftp'^'o^Ftp defines a bijection between 
Fp-double cosets appearing in FaF n P(Q) and F7p-double cosets appearing in FaF n 
'TP(Q). Let X = pKpZ^ G T'p-\Up^t be arbitrary; using the commutativity of the 
diagram 

(27) t 7 t 7 



we may then compute (note that T"<P = ^P, because G P{Q)) 

(6) 

^-^p(/7a<7-i(7a;)) =lip{'yaip) = £'rp{'y)£p{aip). 

Similarly, upon setting = 1 in (27), we find £jp(fi(x)) = £-tp{'yx) = £-tp(^)£p{x). 
Thus, 

^-^Pjf^c^^-Aix)) ^ £p{fa^x) 

^ ^ £MfiM) £p{h{x)y 

Since x G T'pj\Up^t and 7X G T'^p^\Uip^t, equation (28) implies that T'p-\Up^t is attract- 
ing (repelling, equidistant) precisely if F^,p ^CAp,* is attracting (repelling, equidistant). 

We note that only if r'p-\e{P) is attracting or equidistant, the correspondence (23) 
(or, more precisely, the correspondence (24)) will contribute to the trace formula. In 
particular, a fixed point component Fp_^ C T'pj\e{P), rj G FpOj, only contributes if 
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e(P) is attracting or equidistant. Since fai(X'piX) = Tprjx for x G Fp^^ and ip{r]x) = 
£p{ri)£p{x) because rj € P(Q) (cf. equation (10)), this is equivalent to £p{rj) > 1 resp. 
ip{r]) = 1. We say that the pair {P^rj) is attracting, rcsp. rcpclhng resp. equidistant if 
ap{r]) > 1 resp. ap{r]) < 1 resp. ap{rj) = 1, where ap is the weight of the action of 
Sp on Up{R). We define (TaV n P(Q))+ as the set of those r) G TaV n P(Q) such that 
(P, r]) is attracting or equidistant. Using (26) and fohowing the argrimcnts in the proof 
of [B], Lemma 2.5, p. 39 ff, we find that the contribution of the boundary dT\X to the 
Lefschetz number of the Hecke corspondence on H'(T\X,Ci^ j.) is given as 

L{ih,fa),H'idT\X,Ck,c))= J2 E ti{ri''\LMFp,r,). 

PeP/~r r?e(rarnP(Q))+/~r^ 

Together with the contribuition from the inner terms, which is given in [B], Satz 5.3, p. 
65 (the index "ell" is missing in [B], 5.3 Satz) we therefore obtain the 
Trace formula. 

(29) L(r(a)|i7'(r\X,£fc,c)) 

J2 tr(e|Lfe)x(i^^) + Yl E tr(77^|Lfe)x(Fp,,). 

ee(rar)eu./~r p&v/^t »?e(rarnP(Q))+/~rp 

Here, is the fixed point component corresponding to ^ G (rQr)eii., i.e. F^ = 7t{X^), 
where X^ = {x £ X : ^x = x} and tt : X — > r\X is the canonical projection. 

2.5. The boundary term. We want to rewrite the boundary term of the trace 
formula. We proceed in two steps. 

1. ) First we note that for 77 G Fpaj 

{a point if i] is hyperbolic 
if is unipotent 
e(P) if ri is central. 

(cf. (9) and the definition of Xp^j^ in (25)). In particular x{Pp,ri) = 1 if is hyperbolic 
and x{Fp,n) = if 77 is unipotent or central. We say that a fixed point component Fp^r^ 
is hyperbolic if r/ is hyperbolic. Since Fp^y^ = Fp .^/ is equivalent to rj and rj' being T'p-- 
conjugate, this notion is well defined. The above together with (26) then shows that 
only 

Fd,hyp- = U U ^P''^ 

PeP/~r '7e(rarnP(Q))hyp./~rp 

contributes to the boundary term of the trace formula. 

2. ) To proceed further, let r/ G G{Q) be a Q-hyperbolic element. We denote by 
Q[?7] C M2(Q) the Q-subalgebra of the algebra of 2 x 2 matrices generated by 77 and 
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we set Crj = Q[ri]* C G{Q). Since tj is hyperbolic, which in particular implies that ij 
is regular (i.e. non-central), C,, is a maximal Q-split torus in G(Q). Wc denote by 
Wrj = A/g(q) (C^)/C^ the Wcyl group of and wc select any w G ■J^G(Q)iCrf) such 
that U) 7^ 1 in G W^. There are precisely two different parabolic subgroups P,P'<G 
containing rj and they are conjugate to each other by w^: P' = '^vp_ Moreover, for any 
X E X we have 

(30) £p>{x) =£p{x)-^. 

This can easily be seen by writing "^C^ = Cq, where r G G'(Q) and Cq is the torus of 
diagonal matrices in G{Q). Hence ^P = Pq, ^ P' = Pq^^ and the claim follows taking 
into account that £tp[^x) = £p{x) (cf. equation (3')) and £popp[x) = £p{x)~^. Moreover 
we fix any system of representatives Pi,. . . ,Pk for V/ ~r and P E V/ ~r will mean 
that P G {Pi, . . . , Pk}. We set 

M = {{P, Mrp) -.Per/ ~r, Wrp e {TaV n P(Q))hyp./ ~rp}. 
Lemma. The map 

M ^ (rar)hyp./r 

(^,Mrp) ^ [v]r 

is surjecUve. Moreover, the following holds: if P P' then the fibre V'~^([^]r) = 
{(P, [r/Jrp), (Q, [/ujrg)} consists of two elements such that {P,ri) is repelling if{Q,fi) is 
attracting and {P,r]) is attracting if {Q,ii) is repelling. If P ~r P' then V^'^lWr) = 
{(P, [??]rp)} consists of a single element. 

Proof. Obviously, ip is well defined. We prove surjectivity. If [r]]r G (rQ:r)hyp./r 
then r] is contained in a parabolic subgroup P(Q) < G{Q), hence, after conjugating rj 
by some 7 G F we may assume that rj G P(Q) for some P G V/ ~r- In particular, 
r] G (Far fl P(Q))hyp. and (P, [r]]rp) obviously maps to [r/Jr, i.e. i/j is surjective. 

It remains to examine the fibres of V'- To this end we fix (P, [??]rp) £ V'^^([^]r) and 
we let {Q, [/uJtq) G (Q G P/ -^r, M ^ (FaF n (5(Q))hyp.) be any element, which is 
contained in the same fibre V^'^lWr) as (P, [??]rp)- Hence, [n]r = [??]r and there is 7 G F 
such that "^rj = pL. 

We set = Q[r/]* and = QM*. < P(Q) and < Q(Q) are Q-split tori, 
which satisfy ^C^'^^^ = C^. We denote by P and P' resp. Q and Q' the two parabolic 
subgroups containing resp. G^. Since '''P contains G^ we deduce that '^P = Q or 
'''P = Q'. We now distinguish cases. 

Case A: P' P- We distinguish further: 

If '^P = Q we obtain P = Q, because P, Q are contained in V/ ~r- Hence, P = '^P 
is invariant under conjugation by 7. Since P(Q) equals its own normalizer we obtain 
7 G F n P(Q) = Fp. Thus, [/x]rp = [v]rp, i.e. (P, Mrp) = {Q, Mig). We conclude that 
V'-'(Nr) = {(P,Wrp)}. 
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If '^P = Q' we immediately deduce Q = '^P' . Moreover, we have '^rj = n E Q{Q) = 
TP'(Q). Thus, G ^P'(Q) n Tar and C' P' , p r]]j p^) therefore is a well defined cle- 
ment of M (note that 'yp' = Q e V/ -r) and it clearly holds that (Q,/7,) = (^P',^??). 
(Note that the condition '^P' = Q uniquely determines the coset ^Tpi, hence, the el- 
ement P' , p r]]j pi) is uniquely determined, i.e. it does not depend on the choice of 
a representative in ^yTpi.) Thus, we have seen that necessarily {Q,I-l) = {^'P','^'rj) and 
tp~^{[v]r) therefore consists of at most two elements. We will show that the fibre consists 
of 2 elements. To this end we select r € T such that ^P' = Pj for some Pi G V/ ~r. 
Since r/ G P'{Q) we obtain ^r? G '"P'(Q), hence, G ^P'(Q) n FaV. Thus, (P, [r?]rp) 
and (^P', r??]-^rp/) are elements of Ai, which are both contained in the fibre of [77]r and 
which are different, because, by assumption, P' P- Hence, 

r\[v]r) = {{P,[r,]r,),CP',rri]rr,,)}. 

Finally, we calculate 

In particular, if (P, rj) is attracting then (^P' , [^r/J-rrp/ ) is repelling and if (P, ry) is repelling 
then C^P', r??]^rp/) is attracting. This completes the proof of the Lemma in case A. 

Case B: P ~r P'- If '^P = Q we deduce as above that P = Q and hence (P, [rjlrp) = 
{Q, Mrp])- If ^P = Q' then ^P' = Q and we find that P ~r P' ~r Q, i-e. again 
we have P = Q and therefore (P,[r?]rp) = (<9,Mrp]). Thus, V^HWr) = (^,Wrp)- 
This completes the proof of the lemma in case B and, hence, the proof of the lemma is 
complete. 

The Lemma immediately implies that 

U U ^p^v 

PeV/^r r?e(rarnP(Q))hyp/~rp 

= U U 

[r,]re(rarhyp)/~r (J',Mrp)eV'-i(Wr) 

U ^P^v^ U Fp,r,UFp,^„,. 

Wre(r«rijyp)/~r MreCrarhypj/^r 
V'-i(Wr)={(^'.['7]rp)} V'-i(Wr)={(^.['7lrp).(J",['7']rp,)> 

Here, according to the above Lemma, (P, ry) is attracting if (P',77') is repelling and vice 
versa. 

We define (FaFiiyp)^ as the set of those rj G FaF^yp for which there is a parabolic 
subgroup P G P such that rj G P(Q) and (P, rj) is attracting. Notice that, if (P, rj) 
is equidistant, 77 is either central or unipotent, hence the fixed point component Fp^^i 
does not contribute to the Lefschctz number of the Hccke correspondence. Hence, only 
attracting fixed point sets contribute to the Lefschetz number and we finally see that 
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the contribution of the boundary to the trace formula is given by 

J2 tr(?7'|Lfe). 

Wre(rar)+p/~r 

Since the inner fixed point components are connected and the action of G{Q) on 
X only has isolated fixed points we obtain x(-F^) = 1 for all ^ G (rar)eii. Thus, the 
trace formula finally becomes 

Theorem. 

L(T(a)|i/'(r\X,A,c))= ^^iC\Lk)+ ^^v'lLk). 

«G(rar)cii./~r '7e(rar)+p/~r 
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3 Hecke algebra and the basic trace identity. 

3.1. The Hecke algebra. Throughout section 3, we fix a tame level N and a prime 
p ef^ satisfying p> 2 and {p, N) = 1 and we write T = Ti{Np) and Tq = To{Np). We 
set 

Ao = {a = G M2(Z) : c = (mod iVp), (a, Np) = 1, det a > 0} 

and 

Ai = {a = G M2(Z) : c = (mod ATp), a = 1 (mod Np), det a > 0}. 

Wc define the Hecke algebras H = r\Ao/r, Hi = r\Ai/r and Ha = ro\Ao/ro. We 
look closer at these Hcckc algebras and their interrelation. We define elements in Ti as 
follows 

• T{1, m) = T ^ r, where l,meZ such that l\m, (/, Np) = 1 

• (e) = TaeT = Fa^ = a^T, where e G Z is such that (e, Np) = 1 and 

is any matrix satisfying a = e,c = 0,d = (mod Np) (note that normalizes Fq and 

r). 

• For any Dirichlet character x : {Z/{Np))* C* we set 



Cv = 



^{Np) 



J2 X(e)(e) e TiCziiVp]- 



Here, for an arbitrary Z-algebra E we have set J-Ce = Ti (Si E. Note that T(l,m) is 
not contained in Tii. Moreover, we define the Hecke operators 

T{l,m)o = ro(^ ^To, l,meZ, l\m, il,Np) = 1, 

which are contained in Hq. 
We note the following facts. 

• Ho = {T{l,m) : l\m, (l,Np) = 1} (cf. [M], Lemma 4.5.2, p. 132) and Ho is 
generated by the operators r(l,^)o, ^ any prime, and T{£,£)o with {£,Np) = 1. 

• There is a canonical isomorphism of Z-algebras 

rii = no 
TaT FoaFo 
Fa-^aF ^ FoaFo. 
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Here, a denotes the upper left entry of a G Aq (cf. [M], Theorem 4.5.18, p. 151). 

• We deduce that H = {aaT{l,m) : {a,Np) = 1, l\m, {l,Np) = 1} and H is 
generated by the Hecke operators (e) with (e,Np) = 1, T{1,£) with I any prime and 
T{£J) with {e,Np) = 1. 

• Since the operators T{£, £) commute with any Hecke operator and since (e) com- 
mutes with T{1,£) (cf. [D-S], p. 169), we see that H is commutative. In particTilar, 
{e^}j(- is a complete set of pairwisc orthogonal (central) idempotents in Ti, and we obtain 
a decomposition of the Hecke algebra 

X 

We note that eiHziNp] = 'HoziNp]- 

From now on we set H = Hi and we shall identify Hi with Hq, i.e. a Hecke operator 
roaPo G Ho with a G Aq also stands for the operator ra~^aT in H (a denotes the upper 

left entry of a). In particular, Fq ^ ^ Fq resp. Fq ^ ^ Fq also denotes the Hecke 
operator T{1,£) resp. aJ^T{£,£). We set 

r„ = T(l,n), 

n G N. Note that = T{1,£) = T{£), while in general r„ differs from the Hecke operator 
r(n) = J2-''=^ T{a,b). 

a\b 

Remark. The following relation is an immediate consequence of [M], Lemma 4.5.7 

(1): 

(1) TP = r(l, f") + fm-2{T{e, £))T{1, r-^) + fm-4{T{£, £))T{1, £—4) + . . . , 

where /, G ^[X] (the last summand appearing on the right hand side either is 

fi{T{£,£))T{l,£) or fo{T{£,£))) and all = in case £\Np. Since T{l,m)T{l,n) = 
T{l,mn) if {m,n) = 1, using (x) we find that 

h={h\,...,hs) 

where the sum runs over all h such that hi = ri (mod 2) and < hi < Vi and gh G 
Z[T{£i,£i), . . . ,T{£s,£s)]- Since T{a,a)T{b,b) = T{ab,ab) we deduce that is a Z- 
linear combination of operators T{n',n'), where n'\£'^ ■ ... ■ £^ and (n',Np) = 1. In 
different words, T^^ ■ . . . • T^^ is a Z-linear combination, which obviously does not depend 
on k, of the operators T{n' ,n')Tn, where n runs over (certain) divisors of ■ . . . • 
and n' runs over (certain) divisors of £f^ ■ . . . ■ £f satisfying (n',Np) = 1. 

This reduces the computation of trT^'_^^ • ... • T'e^\Mk{T,x)" computation of 

tr T{n', n') T„|j^^(r,x)" > where n runs over divisors of ■ . . . -tg" and n' runs over divisors 
oi£'^-...-£f satisfying (n', Np) = l(note that Ti = id, i.e. the Hecke Operator r(n', n') 
is included). 
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3.2. An extension of the Hecke algebra. 

Lemma. Let N & N be any integer with prime decomposition N = p^^ ■ . . . ■ n^" and 
let M be any divisor of N with prime decom,position m = p^^ ■ ■ ■ ■ ■ p^" ■ Then Ti(M) is 
the (not necessarily disjoint) union of double cosets 



(3) ri(M)= U U ri(7V)Q ^aavm■ 



0<m<iV ae(^/(N))* 
M\m a = l (mod M) 



Here, a a is defined in 3.1, i.e. a a £ ro(A'') is any matrix whose upper left entry is 
congruent to a modulo N . 

Proof. We denote by T{N) = {( ^\ : a = h = c = d=\ (mod N)} the principal 



d^ 

congruence subgroup of level N . Since r(A'') is contained in both sides of (3) equation 
(3) is equivalent to 



(4) 



0<m<Ar aS(Z/(Ar))* 
M\m a=l (mod M) 



We apply the isomorphism 



i: SL2(Z)/r(iV) ^ SL2(Z/(iV)) 
,c d) \c d) 



{x = x + (N)) 



to both sides of (4), i.e. we reduce the entries of all matrices appearing in (4) modulo 

(N): since ri{N)/r{N) ^ 7V2(Z/(A^)), where N2 < GL2 is the subgroup of unipotent 

i 

upper triangular matrices and ri(M)/r(A'') = ri(M; Z/(A'')), where 

Ti{M;Z/{N)) = {r yi eSL2{Z/{N)), a = d = l,c = (mod M)}, 



equation (4) becomes equivalent to 

(5) ri(M;Z/(iV))= U U iV2(Z/(iV))^ ^ a-aN2{Z/{N)). 

M\m a=l (mod M) 

where ctq = i(cJa). 

The Chinese remainder theorem yields an isomorphism j : Z/ (A'^) = Y\- Z/ (p^*), x 
(x (modp"'))i under which 

• the ideal (M) = {fh e Z/(A/") : M\m} maps to Hiip^'); here (p^*) = {x e 
'L/{pT):pT\x] 

. ri(M;Z/(iV)) maps to WiT^ipT^'^/ipT))- 
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Hence, (5) is equivalent to showing that 



(6) T,{pT^-'L/{pT))= U U iV2(Z/(pr))Q ^a-aN^{I./{pT)) 

iEez/(p^') ae(z/(p"<))* 

U " = 1 (mod ») 

for all all primes p\, . . . ,ps- Straightforward computation shows that the right hand side 

of (6) is contained in the left hand side. To prove the reverse inclusion let G 

SL2(Z) represent an arbitrary clement of ri(p^';Z/(p"')). Hence, Vp^{c) > rrii and a = 1 
(mod p™"')- We distinguish cases 

Case 1. p /fa, i.e. a, E 'L/{p'-'-)*. The decomposition 



then shows that 



a b\ 




c d) 













1 

c/a 



a^N^iZ/ip^)). 



Here, the bar denotes reduction modulo p^ \ i.e. x = x + (p"') Since 'yp(c) > mi, i.e. 
c/a G and a = 1 (mod p^') this is contained in the right hand side of (6). 

Case 2: p\a, i.e. a Z/(p^*)*. Since a = 1 (mod p™*) this case can only occur if 
rui = 0. We obtain p /fc, i.e. c G (Z/(p^^))* and a + c G {Z/{p1'))*. We look at the 
decomposition 

(mod p"''') is contained in the right hand side of (6) (note that the condition "o = 1 
(mod J?™')" is empty because = 0). Thus, the proof of the Lemma is complete. 

We return to the case of relevance to us. We let TV G N and p G N be any prime such 
that {N, p) = I and we let M G N be any divisor of Np. We continue to set F = Fi {Np) 
and we let the group F x F act on Fi(M) by 

(a, P)x = axP"^. 

The sets F ^ agT are orbits under this action, hence, any two of these sets either 
are equal or disjoint. In particular, there are subsets 

M C {m G N U {0} : < m < Np, M\m} 
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and 

A C {a G {Z/{Np))*, a = 1 (mod M)} 

such that 

(9) r,(M)=U^^^U,^r(^ ^y^T (disjoint union). 

We look closer at the special case p\M. Let 7 = ( j ) ^ since p\M we deduce 



that p|c and a = 1 (mod In particular, p J(a and equation (7) yields 

with X = 1 (mod p) and pi'u. Thus, if p\M we obtain 

(10) r,(M) = U^^^UeAr(^ (disjomt union) 

with any u G M divisible by p and A C 1 + pZ. 

For any integer u G N and any 5 G {Z/{Np))* we define Hecke operators 

The operators S'u^^ are contained in the larger Hecke algebra T\M2{Z)~^/T, where 
M2'(Z) is the (multiplicative) semigroup of integral matrices with positive determinant. 

We define a projection operator to level M as follows. Let V be any right M2(Z)+- 
module and let M,N such that M\Np; we then define 

^ I]7eri(Afp)\ri(M) ■"7- 
Corollary. As operators on A4fe(r) the following identity holds 

Furthermore, if p\M then any n G M is divisible by p and any a E A is congruent to 1 
modulo p. 

Proof. We write 

3 

with Xu,s,j G M2(Z)+. ^u^^ then acts on elements / G A1fc(r) as 
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In particular, we obtain 



(11) E Su,sif)= E 

iiGM,5eA mGM,(5gA j 

On the other hand, the previous Lemma shows that 

r\ri(M) = U r\rQ ^) a,r 

= U 

uGM, <5gA 

U U^^«.'5,r 
ugm,(5ga i 

and we deduce that 

(12) 7:Z'if)= E E/k.r 

ueM,(5eA j 

Comparing (11) and (12) yields the first claim of the Corollary. The second claim is 
immediate by equation (10). This completes the proof of the Corollary. 

Convention. Since the full Heckc algebra r\M2(Z)"'"/r is not commutative 
r\M2(Z) + /r does no longer act from the left, it only acts fom the right on spaces 
of modular forms. Nevertheless we will write the action of r\M2(Z)^/r from the left, 
noting that this now is an anti action. In doing so we use the following convention: if 
X,,...,Xn e r\M2(Z)+/r then Xn---X,f means ((((/Xi)X2) • • • )^n-i)X, i.e. we 
first apply Xi then X2 and so on. It does not mean to apply the whole product form the 
right to /, i.e. it does not mean f(Xn • ■ ■ Xi). The term /(X„ . • • Xi) would be denoted 
by {Xn ■ ■ ■ Xi)f, but this will not appear. 

Remark. Using the above Corollary and Remark in section 3.1 we see that the prod- 
uct of operators tt^^T'^^-. . - -Tj^ is a Z-linear combination of the operators Su.5T(n', n')Tn, 
where n runs over certain divisors oi£'i ■...•£'/, n' runs over certain divisors oi if^ • . . .■i'^ , 
which are prime to Np and u G M, 5 G A. Since this is an identity in the abstract Hecke 
algebra and not in End(7V4fc(r)), this linear combination clearly does not depend on k. 

Example. We compute the product of Hcckc operators Su.sTnTp {e) . We first note 
that TjiTp = TnTph = T^h^ (notice that p divides the level Np and write n = nin2 with 
{ni,p) = 1 and n2 a power of p). We choose a left coset decomposition 

^ p^r^ ^ = U ^ /n) (disjoint union), 
i.e. a runs over a system of representatives V of f ^ y p^ri) then 
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find 



= I J (jgr ( ^ ] ) Taj. 



a€V 

Replacing V by a certain subset V' C V we obtain a disjoint union 

We then caculate using the definition of the product of Hecke operators 

Su,5Tphn{e) =^ ^ rrixX 

p n I \u II 



E 



TTlnr: X , 



where the multiphcity mx G N U {0} is a certain integer. Obviously, the last equation 
may be rewritten as follows 

(13) Su,sTphJe) = ^ rUaTae p'^n) " l) 

where we have set = nix with x = Ta^ h ] i) '^5^. Thus, altogether we 



p n J \u 1 
have found: 

Su,sTnTp{e) is a Z-linear combination of the Hecke operators 

where €,d e {Z/{Np))*, a G V. 

3.3. The slope decomposition of the space of modular forms. We denote 
by A4k{T,x) rcsp. Sk{T,x) the space of complex modular forms rcsp. of complex cusp 
forms of level F and nebentype x- Fo^' subring ^ C C we define A4k(^]^) resp. 
•^fe(r, X'l ^) as the subspace of A^jfc(r) resp. Mk(^, x) consisting of forms, whose Fourier 
coefficients are contained in A; in a completely analogous manner we define «Sfc(F;A) 
and Sk{T,x',A). H and, hence, its subalgebra H act on Mk(r,x) and the submodules 
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M.k(r',A) and M.k(r,x'i A) then are invariant under the action of H. Moreover, we 
denote Z[A^p] resp. Q{Np) the ring rcsp. the field obtained from Z resp. Q by adjoining 
aU ip{Np)-th. roots of unity. We note that Mk{T) = Mk{T-, Z)®zC as well as MkiT, x) = 
■^ki^jXl'^Wp]) ®z[Arp] C are defined over Z[Np] as Hecke modules. For later purpose 
we note that 

(14) Mkir, QiNp)) = e^Mkir, q{Np)) 

X 

and e^Mk{r;Q{Np)) = Mk{r,x;Q{Np)). 

Since H acts on M.k(r,x) and using the canonical isomorphism H = Ho the Hecke 
algebra Ho also acts on Mki^jX)- In particular, the Hecke operator T{n',n') G Ho, 

(n', Np) = 1 acts via Ta"/ ^ ,^ T on Mk{^, x) ^'^d for / in A^jt(r, x) we obtain 

(15) T{n',n')f = xW'-^f. 

Since the operators (e), {e,Np) = 1 commute with the Hecke operators T^, the 
space of modular forms M.k{^,x) is a H-module and we obtain a slope decomposition 
with respect to Tp. More precisely, as in section 1, we write 7V4fc(r, x; Q(-/Vp))" resp. 
^^(r, x; Q(^p))" to denote the slope a subspace, i.e. Mk{^, X'-, Q{Np))°' is the image of 
A^fc(r, x; Q(A''p)) under PaiTp), where Pa is the factor of the characteristic polynomial 
of Tp on A1fc(r, x; Q{Np)), whose roots A (in a splittig field of Tp) have p-adic valuation 
Vp{X) different from a. We note that A4k(r,x)" is an 7Y-module. 

Since the slope decomposition is defined over Q, we obtain 

(16) Mkir,xMNp))= Mkir,xMNp)r. 

Lemma. The characteristic polynomial ^k^g of Tf G H acting on A^jk(r, x)"^ is 

contained in ZlNpllX], i.e. its coefficients are integers in Q{Np). 

Proof. Since Mk{T,x;^Np]) is a lattice in Mk{T,x;Q{Np)), the Z[Np]- 
submodule Mk{T,x]'^Wp]) contains a Q{Np)-hsisis {bi} of Mk{T,x;Q{Np))- Thus, 
{Pa{Tp)bi} C Pa{Tp)Mk(r,Xj'^Wp]) is a system of generators for the Q(Arp)-vector 
space Mk{T,x;QiNp))" and we see that the Z[iVp]-submodule p„(Tp)A^fc(r, x; Z[A^p]) 
contains a Q(A'^p)-basis of A4fe(r, x; Q(-^p))°- Since furthermore pa{Tp)A4kiT, x; l^lNp]) 
as submodule of a vector space necessarily is a free Z[A^p] -module we deduce that 
Pa{Tp)MkiT,x;'^[Np]) is a lattice in Mk{T,x;Q{Np)). Moreover, PaiTp) G H, hence, 
PaiTp) commutes with for all primes £ and pQ.{Tp)A4k(^,Xi'^[^p]) therefore is Te- 
stable, hence, T^-stable for all i. This immediately implies that "^k^e i^ contained in 
Z[Np][X]. 

Let E/Q{Np) be a finite extension, which splits Tp on M.k{^,x)- We denote by e 
the ramification index of the prime ideal p < Oe corresponding to Vp = w oi on E (cf. 
section 1.1). As a consequence of the above Lemma, all eigenvalues of Tp are integers, 
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hence their p-adic value is contained in U {0}. In different words, M.k{T, x, Q(-/Vp))" 
vanishes unless 

a e -NU{0}. 

e 

3.4. Quasi idempotents attached to the slope decomposition. We introduce 
one more piece of notation: if a G Q we set 

P:0<P<a 

We fix arbitrary weights k,k' > 2 and we fix an arbitrary slope a > 0. We denote by 
(17) < A < /?2 < . . . < /3r < a + 1 

the slopes, which appear in A4k{T,x^~'')~'^~^^ or in A4fc/(r, x^"^')-"'^''', i.e. for any i 
we have Mk(r,X^^^)'^" ^ or Mk'(r,X'^~'' 0- 1^ particular, we may write the 

slope decomposition as 



(18) Mk{T, xa;-'=)^"+^ = Mk{T, xu; 



i=l 



where some of the slope spaces Mk(r, X'^ now may be trivial. Of course, the same 
decomposition with k replaced by k' holds. Since dim A^fc(r, x<^~'^) < M{a + 1) 
and dimA<fc/(r,xc^"''')-"+-^ < M{a + l) we know that r < 2M(a + 1). 

We denote by H^^^ resp. ^^/^"^ the characteristic polynomial of Tp acting on 
Mk{T,x^'^)-"^^ resp. on Alfe'(r, x^"''')-"^^ and we denote by resp. 
the field obtained from Q by adjoining the roots of '^k^^ resp. of S^,"^^; we set 
E'^+l = E^+^E'j^+^. Thus, E = E^p is a splitting field for Tp on Mk{r, xw-^)-"+^ and 

for Tp on 7Wjk.(r, xw"^')-"+^ and since degS^+^ = dim7Wfe(r, xa;-'=)-"+^ < M(a + 1) 
we find 

[E:Q]< [E^+^ : Q][E^+^ : Q] < M(a + 1)^. 

We denote by p = pk,k' the prime ideal in the ring of integers Oe of E, which corresponds 
to the valuation Vp = i o w on E (cf. section 1.2), e = Ck^k' is the ramification index of 
p\p and zu = Wk,k' ^ E any element satisfying Vp{w) = 1/e. In particular, 

(19) e = ek,k' <[E:Q]< M{a + if 
is bounded independently of k,k'. Moreover, we may write 

Pi = h/e 

with 6j G N U {0} for alH = 1, . . . , r; in particular, 

(20) pj -I3i> 1/e 



50 



for all 1 < ^, J < r, i / j. 

The space Aik(r,X^~'') decomposes 



where e E runs over the eigenvalues of Tp and V{^) is the generalized eigenspace of 
Tp with respect to /U. Hence, there is a basis of V{fi) such that Tp is represented by 
the upper triangular matrix 



V 



* ^ 



Of course an analogous decomposition holds: 



where jj! ^ E runs over the eigenvalues of Tp and 

T^B^,{Tp\v{tJ,')) = 

\ 



with respect to some basis Bfj^i of V{ijl'). 

We attach to Tp and a sequence of operators = ei^k,k', i = 1-5 2,3,..., on 
Mk(r,X^~'') in the following way. We set 



(21) 



9-1 



Assuming that ei, . . . , e^-i have been defined we set 



(22) 



9-1 



1 C^o 



— • • • — e 



^f,.(,_i)+i^ 

i-l 



If we want to emphasize that also depends on w we write ei^k,k',u7- Clearly, G -E-i^p], 
because w ^ E. We determine the effect of the elements Cj for those i, which satisfy 
A < a, on Mfc(r,xa;"''): 

Lemma, i.j Let /i be any eigenvalue ofTp on Aik{^,x^~'^)- We set F = E^'j^}{fi) 
and we denote by (p) the prime ideal in Op generated by p. For all 1 < i < r satisfying 
l3i < a the element restricted to V{fj,) looks as follows: 



(23) 



^Bp(ei|y(/^)) 



* ^ 
7/ 
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where 

{p if Vp{n) < a + 1 and Vp{n) ^ Pi 

1 + p if vp{n) = (5i 

ip) if Vp{^) > a + 1 

(recall that p = pk,k')- Of course, the same statement holds true if we replace 
Mk{T,x^-^) hyMk'{V,x^-^'), V{^l) byV{,i') and hyB^,. 

2.) For any i = 1, 2, 3, . . . there is a polynomial pi = pi^-^j G (E = E^'^}) such 

that X\pi and 

Furthermore, deg pi only depends on i. 

Proof. 1.) We abbreviate q = — 1) + 1 and T> = T>q^. We use induction on 

i = 1,2,3, We note in advance that if /i is an eigenvalue of Tp on M.k(r, X^~'') then 

precisely one of the following two holds (cf. (18)): 

- Vp{iJ.) = /3j for some 1 < j < r in which case /j. E E = E^'^}, i.e. F = E 
or 

- Vp{iJ.) > a + 1. 

We first look at the case i = 1. We assume /3i < a since otherwise there is nothing 



to prove. The element ei equals ^, thus we find 

^(ei|y(;^)) = 



V 



(*) 



q-1 



J 



If Vpifi) = (5i then {^y-^ G 1 + p C ^ (note that e E = E^+}y, if Vp{^i) = f3j 
with j > 1 then Vpdi) - /3i = pj - Pi > 1/e (e = ek,k'] cf. (20)), hence, G P; 

if Vp{iJ,) > a + 1 then Vp{iJi,/w^'^) = Vp{iJ,) — Pi > a + 1 — Pi and since we assume that 
Pi < a we find Vp{^/'UJ^'^) > 1, hence, {~^)'^~^ G (p) C F. Altogether, the claim about 
ei follows. 

We assume that the Lemma holds for i — 1. We assume Pi < a since otherwise there 
is nothing to prove. In particular, we obtain Pi, . . . ,Pi < a. Equation (23), which by 
our induction assumption holds for all Cj, j < i — 1, therefore yields 



(24) 



where 



(25) 



V{{1 



C\)Iv(m)) 



/7 
V 



* ^ 
7/ 



7 G < 



pCi 

1 + p'=* 
1 + {pp 



if Vp{^) = Pj for some j <i — I 
if Vp{fj,) = Pj for some j > i — 1 
if Vp{iJ,) > a + 1. 
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We mention that even 7 G 1 + p*''' in case that Vp{^) = (3j for some j > i — 1 and 

7 G 1 + (p)^ " in case that > a + 1. The operator ( j \v{ij,) is represented by 

the matrix 




v(m) 



V 



9-1 



p-^^M if i;p(/x) j<i-l 

1 + p if Vp{^) = Pi 

P if Vpi^i) = Pj, j > i 

(p) if > a + 1. 

In case fp(/i) = j < i — 1, this is obvious, because ^ G £^ is integral; in case t^p(/t/) = /3j 
the ratio ji/w^^ is a unit, whence the claim; in case Vp{ii) = Pj, with j > i equation 
(20) implies that Vp{n/w''^) = Vp{ij) — Pi = Pj — Pi > 1/e, hence, jjl/w^^ G p; finally, 
if Vp{iJL) > a + 1 then Vp{iJL/w^^) > a + \ — Pi and since we assume that i is such that 



Pi < a, we furthermore obtain Vp{fj,/vj ') > a + 1 — a 
equation (27) is proven. 

Multiplying (24) by the matrix (26) we obtain 



1, i.e. n/w''' G (p) C F. Thus, 



q-1 



(1 - ~e\ 



d)k(M) 



* ^ 

7 / 



where equations (25) and (27) imply that 7 is as follows: 7 G p if Vp{^) = Pj with 
j < i — 1, 7 G 1 + p if Vp{ii) = 7 G p if Vp{ii) = Pj with j > ^ + 1 and 7 G (p) if 
Vp{ij) > a + 1. But this is precisely the statment about e^, which therefore is proven. 
Clearly, the above proof still holds if we replace A^fc(r, xcu"*^) by A^jfc'(r, ^o;"'^ ), V^jj) 
by V{ji') and by B^i. Thus, the first part of the Lemma is proven. 

2.) Again, we use induction on 1 If i = 1 we know that ei = {Tp/w^^Y^^, hence, we 
choose 



(28) 



Pi 



-1 



, i — 1. Then, ej 

h 



Let i be arbitrary and assume that the claim holds for j = 1, 

Pj{T/w^^) = p*j{T/w^^), where p* G Oe[X\ is obtained from pj = Y.h o-h^^' G Oe[X] by 
multiplying the coefficient ah with w^^^^~^^\ Recalling that Cj = 6j(g — 1) + 1 we obtain 



i-l 



ei = {Tp/w'^y-^ o (1 - Y,P]{Tp/w''r 
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Thus, the polynomial 



(29) Pi = - JZiPjf'j ^ ^^[^] 

satisfies the claim. Equations (28) and (29) immediately yield that X\pi and since 
deg pj = degp^ we inductively see from equations (28) and (29) that deg pi does not 
depend on zu, i.e. it only depends on i. This completes the proof of the Lemma. 

Recall that we fixed arbitrary weights k, k' and a slope a G Q>o and f3i are the 
non-trivial slopes appearing in M.k(r,X'^ '')~"'^^ or in A^feK^i X^ *^ )-""'"^. We now 
assume that a is a non-trivial slope, i.e. Aik(r,x^'~'^)'^ 7^ or A^fc/(r, xo;"*^ )" ^ 0. 
Without loss of generality we may assume that A4k(^iX^~^)°' 0- particular, there 
is s = Sa,k,k' such that 1 < s < r and a = (3s. Moreover, part 2.) of the above Lemma 

tells us that ei^k,k' = Pi ( ^^f- ) ■ We define 



ek,k',a '■— ^s,k,k' 



and 



Pa,k,k'--fs ^Oe[X], 

where s = Sa,k,k' and E = E'^'^}. Moreover, we define i = ia,k,k' by a = i/ek^k'- 

Proposition. 1.) Let V{^) denote the generalized eigenspace attached to the 
eigenvalue fj, of Tp acting on M.k{^,X^~'')- Then, 

/ 7 * ^ 

(30) 'I^Bf,{ek,k',a\viiJ.)) = ■-. , 

\ 7/ 

where Vp{'y) > 1 if Vp{fi) 7^ a and Vp{'y — 1) > 1 if Vpdi) = a. In different notation, 



7 = 



(mod p) if Vp{fu,) 7^ a 

1 (mod p) if Vp{fi) = a. 



The same statement holds if we replace V{p) by the generalized eigenspaces V(iJ,') at- 
tached to an eigenvalue fx' of Tp acting on M.ki{X,x^~^ )■ 
2.) 



^k,k' ,a Pa,k,k' 



H,k' 



Moreover, the polynomial Pa,k,k' ^ Cfii-'^] satisfies the following properties: 

• ^\Pa,k,k' 
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• There is a constant N{a) G N such that deg Pa,k,k' < N{a) for all k, k' . (In 
different words, although Pa,k,k' depends on k, k' its degree is bounded independently of 
k,k'.) 

Proof. 1.) This is an immediate consequence of part 1.) of the above Lemma, 
taking into account that ek,k' < M{a + 1)^ (cf. (19)), which imphes that 

- pp""'"^'"' c p^('^+i)' C {p) 
and 2 

- (1 + p)P™^"^^^ <l + {p) (note that efc fe/ is the ramification index of p = pfc^/and 
that (1 + p")/(l + p"+^) = (O/p, +), which is annihilated by multipUcation with p). 

2.) Ah statements are obvious from part 2.) of the above Lemma except for the 
claim about the degree of Pa.k.k'- But equation (29) shows that degpa < degp^ if a < 6. 
Furthermore, equation (20) implies that s = Sci,k,k' ^ ^ = 'ia,k,k'- Since i = ae^^k' < 
aM{a + 1)^ we therefore obtain 

deg^>s < degpi < degPc«M(a+i)2, 

hence, 

(31) degpa,k,k' = degpP'^'-"^^^ < deg;^'J^'j'J"^^2 =: N{a), 
which is the claim. 

We note that equations (28) and (29) imply that degpj > q — 1 for all j € N. Hence, 
the definition of A^(q;) (cf. (31)) implies 

(32) N{a) > 1. 

Remark. 1.) In view of equation (30) wc call ek^k',a ^ quasi idempotent (or 
approximative idempotent) attached to the slope a subspace of 7V(fe(r, xa;~*^) and 
Mk'{r,xu;->''). 

3.5. The basic trace identity. We denote by w : Z* ^ the Teichmuller 
character, i.e. lj(x) = x (mod p) for all x G Z*. In particular, u factorizes over 1 + pl^p 
and therefore induces a character (Z/pZ)* — /ip_i by sending e + pZ i— ^ io{e), which, 
again, we denote by lo. 

Lemma 1. Let k,k' eN be integers, which satisfy k = k' (mod p™). Let furthermore 

be a V-conjugacy class, where h,n,u G N U {0}, e,5 G {Z/{Np))* with h > 1, n > 1, 
u divisible by p and a G F. Assume that ^ is elliptic or hyperbolic; then the following 
congruence holds 

u-\ed) tr (C\Lk) = uj-'''{e5) tr (ClLk') (mod p^HmMM')^ 
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We note that the expressions u~^{eS) tr {C\Lk) and co'''' (eS) tr (^''|Lfe/) take values in 
the field Q(/ip_i), because the representation is defined over Q . 

Proof. Conjugating ^ by a suitable element in F we may assume that ^ G 

TcTf I"*" u ] a -.Icta. We write 
y pnj \u IJ 

a b 
c d 



straightforward computation shows that 



e6 * 




(mod p), 



where * G Z. Thus, the characteristic polynomial of ^ reads 

(33) Xi = T^- ciT + C2 € Z[T\ 

with ci = a + d = e5 (mod p) and C2 = det,^ = p^n. We distinguish: 

Case A: ^ is elliptic. We denote by F/Q a minimal splittig field for xe, and r : a^'^a 
is the non-trivial automorphism of F/Q. We further denote by A, G F the zeros of x^. 
Since = (F — e(5)r (mod p) we deduce that p splits in F, i.e. (p) = p'^p. On the other 
hand, {p)oq, = Po is totally inert in Q(Cp-i)/Q5 hence, F is not contained in Q(Cp-i). 

In particular, A,^A are not contained in Q(Cp-i)- Since the minimal polynomial x\ of 
A G F(Cp_i) over Q((p_i) is a divisor of we thus obtain that [F((^p_i) : Q(Cp-i)] = 2 
and x^ equals x|- We also denote by r the non-trivial automorphism of F(Cp_i)/Q((p_i). 
Since xl = X^ = {T - e5)T (mod po) the prime po = ^'^^ is split in F(Cj,-i): 

F(Cp-i) 

II / \ II 

Po Q(Cp-i) F9A,^A pp 

II \ / II 

{p) Q (p). 

Since tr(^^|Lfc) = tr(,^''|Lfc ® F{C,p-i)) we may as well compute the trace of on 
Lk F((^p_i). But Xi splits over F, hence, ^ is diagonalizable over F, i.e. 



-1 



with g G GL2(F). Thus, applying the involution l, we obtain 



(34) e = (5rM"^ a]^' 
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Using (34) we immediately derive (e.g. use Weyl's character formula) 

(35) u {e6)tT{^\L,) - ^^e6)\-co{e6yx " 

To evaluate (35) we look closer at A, "^A. Since A, "^A in particular satisfy X{ modulo 
p and = (T — eS)T (mod p) we find (after eventually permuting A and "^A) 

(A - e6yX = (mod p). 

Since Op/p = (p) is a field we deduce A = e5, '^A = (mod p) and since A'^A = p'^n ~ 
phrph^^-^ we finally obtain 

(36) X = eS (modp), ^A = (mod p'^). 

We now evaluate (35) as follows. 

• Since uj{e5) = e6 (mod p) and ?P divides p as well as p, equation (36) implies 
io~^{e5)X = 1 (mod ^) hence, taking into account that k = k' (mod p™") we see that 
{oj-^{ed)Xy+^ = {uj-\eS)Xf+^ (mod q}"^). (Note that because ^\{p) multiplication by 
p annihilates 1 + «PVl + ^'+^ ^ <PV<P*+i) 

• Moreover, uj~^{e6yX = (mod p''), hence, (u^^ {eSy X)'^'^^ = (mod p'^'^). Anal- 
ogously, we have {co^^ {eSy Xy ^-"^ = (mod p^'' ). 

• Lu{e6y^X = 1 (modp) and L0~^{€6yX = (modp) imply that io~^{e5)X — 
u;^^{eSyX is a p-adic unit. 

Using these facts and taking into account that the ramification index of ^|p equals 
1 it is immediate to see that 

{u-HeS)Xy+^-i^'ye6yxy+^ ^ {u-HeS)Xf^'-{o^-HeSyxr+' ,^^m,HkM'y 
uj-'^{ed)X-io-^{e6yX ~ Lo-\ed)X- io-^{e6yX V )■ 

Hence, by using (35), which also holds with k replaced by k' we find 

(37) uj-^'ied) tr (f |Lfc) = a;-^'(e(5) tr {e\Lk') (mod ^i^HmMM')^ 

Applying r G Gal(F(Cp-i)/Q(Cp-i)) to (37) and noting that tr (fji^fe), tr (e|i^fe') e Q 
because the representations Lk,Lk' are defined over Q, we obtain 

(^37) u-''{eS) tr (flLfc) = u'''' (eS) tr {ClLk') (mod r^^Hm,hk,hk')^_ 

Since ^'^^ = (p), (37) and ("^37) finally yield the claim in the elliptic case. 

Case B: ^ hyperbolic. Again, we denote by A, A' G Q the zeroes of x^- Equation (33) 
shows that over TLjpTL the characteristic polynomial of decomposes x^ = T'(T — e5), 
hence, X = e8 (modp) and A' = (modp). In particular, A is a p-adic unit and 
AA' = p'*n even implies A' = (mod p^). As above, we deduce that 
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• uj-H€5)X = 1 (modp), hence, {uj-^€5)X)''+^ = {LJ-\eS)Xf+^ (mod p™) 

• {u}'\e5)\')''+^ = (mod Z^') and {u}~\e5)\'f^^ = (mod Z'^') 

• a;~^(eJ)A — u!~^{eS)X' = 1 (mod p) is a p-adic unit. 

^ is G(Q)-conjugate to , hence, is G(Q)-conjugate to ^ ^ and 

uj~^{e5)'^ tv (^\Lk) therefore is given by the expression in (35) with "^A replaced by A'. 
As in the case ^ clUptic we thus obtain 

L0-''{€6) tr {C\Lk) = u-^\e5) tr {C\Lk') (mod _pmm(m,/ifc,hfc'))^ 

which is the claim in the hyperbolic case. Thus, the proof of the Lemma is complete. 

We recall that in section 3.4 we introduced the constant N{cx), which only depends 
on a and which bounds the degree of the polynomials Pa,k,k'- 

Proposition 1. Fix a G Q>o and let C eN be any integer. Assume that k,k' 
satisfy 

-k,k'> {Ca + lf + 2 

- k = k' (mod p"^) with m > Ca + 1. 

Set L = [^] if a > and L = p"^ if a = and let n,u E N with u\Np; then the 
following congruence holds true: 

a;-^(<5) tr 5„,5T„e^U^(r,xc.-) ^ ^'^\^) 5«,5r„e^U^,(r,^^-.') (mod ^d-^)— .(^W)) 
if a > and 

LO-'^iS) tr Su,sTne!i\M,iT,x.-'') ^ tr ^^.^r^e^l^^,^^^^^.,,) (mod p^-^^i^))) 

ifa = 0. Here, Cq, = ek,k',a is the quasi idempotent defined in section 3.4- 

Proof. Using the definition of (cf. section 3.1) and the isomorphism A4k{^) — 
H^{S{r), Li^_2) it is immediate that for > 2 

trSu,sTne^\_^^(j'^^^-k) = ti Su,5Tn e^e^^-k\Mk{T) = tr ^u^^T^ e^e^^^-fc |i^l(5(^),Lfc_2,c)• 
(recall that we have written the action of H on A4k{^) from the left, i.e. we first apply 
e^^-fc). Since i?*(S'(r), Lfe_2,c) = in degrees z = 0, 2 if A; > 2, the above equation 
further implies that 

(38) tr Su,sTn ea\Mk{T,xt^-'') = L{Su,sTn e^ e^^-k \H'(S(T),Lk-2,c))- 

We recall some of the notations that we introduced in connection with the quasi 
idempotent ek^k',a- 
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- E = E^'j^} is obtained from Q by adjoining the roots of the characteristic polynomial 
of Tp acting on A^A;(r, xa;"'^)-""^^ and of the characteristic polynomial of Tp acting on 

- p = pk,k' is the prime ideal in Oe corresponding to Vp 

- e = Bk^k' is the ramification degree of p\p 

- i = ia,k,k' is defined by a = i/ek,k' 

- w = ruk^k' € Oe is a local prime, i.e. Vp{w) = 1/e. 

- = ek.k',a = Pa{Tp/uj'') {i = ia,k,k'), where pa = Pa,k,k' = Tfh^i^hX''' is a 
polynomial with integer coefficients bh € Oe (cf. Proposition 2.) in section 3.4) and 
degree ta = ta,k,k' ■ Hence, we obtain 

LtcK 



(39) 

with ah € 
find 



h=L 

Oe- Using equation (13) and taking into account that T^Tp = Tph^ we then 



€ h=L 

Ltr, ^ ,^ 



€ /l=L j ^ 



where rrij G N U {0} and aj G F. The trace formula (cf. the Theorem in section 2.5) 
together with equation (38) therefore yields 



(40) ^-\5)iiSu,5Tne^^\M^^r,x'^-^) 



2 Ltd 



ah 

em,- — 77- 



E 



1 

u 1 



+ 



E 



u-\eS)tT{v'\Lk-2) 



WG(rae 



1 



1 



p'ri I ~ \u 1 

Of course, equation (40) also holds true if we replace k with k'. If 

[^J^^^^^C i)"^^)^"/^^ °^ [C]e(ra.(' ,)-sT)t,,/^r 
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then Lemma 1 implies that 

(41) mj^uj-''{eS)triC\Lk-2)^mj^u;-''\eS)tT{C\Lk'-2) (mod p^*). 



Here 

(42) jk>m.m{m,h{k-2),h{k' -2))-^h 

(note that ruj G N and G ^^^k' integers). 

We now distinguish cases and first assume that a > 0, hence, L = [^] • An easy 
calculation shows that m > Ca + 1 implies < Ca + 1. Hence, we obtain 

*-2> (Ca + lf > (Cc+l)^^ > Ca;^ > ^ 
here, the last inequality holds because L > m/{Ca) — 1. Thus, we find 

777- 

(A; - 2)h >{k- 2)L >—L = m. 

Ij 

Of course, since also k' — 2 > (Ca + 1)^, the same equation with k replaced by k' holds. 
In particular, min(m, h(k — 2), h(k' — 2)) = m and 

i 

m»> m h = m — ah. 

e 

Since further h < taL and ta = ta,k,k' ^ N(a) ( cf. Proposition 2.) in section 3.4) we 
obtain 

ill iV (cx\ 

(43) * > m - ataL > m - aN{a)L > m - aN{a){—) = (1 

Ca C 

(note that L < m/{Ca)). Equations (41) and (43) imply that 

(44) m^^u-\e5)ii{C\Lk-2) ^m^^u-'^' {e5)ii{C\Lk'-2) (mod p^(i-^)™). 

Equations (40) and (44) taken together imply the claim in case a > 0. 

Finally, we look at the case a = 0, i.e. L = p^. In this case /?i = = a (cf. equation 
(17)); moreover, i = io^k,k' = and, hence, 

efc,ifc',o = h,k,k' = T^~^ 

(cf. equation (21) in section 3.4). We deduce that po = Po,k,k' = X^"^, i.e. the sum over 

h in equation (40) consists of only one term corresponding to h = {q — 1)L = {q — l)p"^. 
Since furthermore L = > m we know that h > L > m and, hence, h{k — 2) > 
m{k — 2)>m and h{k' — 2)> m{k' — 2) > m; equation (42) thus yields 
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(note that i = ■jo,fc,fc' = 0). Equation (41) therefore becomes 



(41^: 



mjio-''{e5) tr (C|i^it-2) = mju;-''{e5) tr (C|i^fc'-2) (mod p^"*) 



(note that po = X*^'^). Equations (41^^) and (40) taken together yield the claim in case 
a = 0. Thus, the proof of the Proposition is complete. 
If a € Q with a > we set 

Ca = [N{a) + a-i] + 1, 

hence, Cq G N and 

(45) Ca > N{a) + -. 

a 

In particular, Cq-o > N{a)a + 1 > 1 (cf. equation (32)) and we find that 

< [m] < m. 



m 

CaO. 



If a = we set Cq, = 0. 

Lemma 2. 1.) The operator Su,s, where tt G N U {0} with p\u, commutes with the 
operators T^, where I )(N and with Ca- 

2.) Let Ai, . . . , Ak, B G EndoiO"') be commuting operators and assume furthermore 
that all eigenvalues 'f of B satisfy Vp{'y) > c resp. all eigenvalues ^ of B satisfy Vp{^—\) > 
c. Then 

trAi---AjfcS = (modp'^) 



resp. 



ix Ai- ■ ■ A^B = iv Ai- ■ ■ A^ (modp^). 



Proof. 1.) Since G C[Tp] it is sufficient to show that Su^s, p\u commutes with the 
Hecke operators T^, (. j(N . Furthermore, since {6) commutes with the Hecke operators 
(cf. [D-S], p. 169), it is sufficient to show that 5„ = Su,i {p\u) commutes with the Hecke 
operators T^, £ /AT. To verify this we use the adelic description of modular forms and 
Hecke operators. Let F : GL2(Q)\GL2(A) ^ C be the adelic function corresponding to 
the modular form / G 7V4fe(r), i.e. f{z) = F(l, . . . , l,5oo)) where g^oi = z. We write 

with ji G r. We then obtain 

5„F(l,...,l,5oo)=E^((i^ l)'5oo). 
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Using Ki{Np)-nght invariance of F and taking into account that 1/ ^ ^i,i{^P) — 

GL2(Z^) for all primes ^, which do not divide Np and even (^^^ ^ ^i,p{^P) 
we further obtain 

Here, the matrices ^ ^ only appear in positions corresponding to primes £ dividing 



N. Since 



where x runs over certain matrices, which appear in the position corresponding to the 
prime £, it is obvious that Su with p\u and the operators T^, i j{N commute. 
2.) Since the operators ^i, . . . , A^, B commute there is a basis B such that 



ah-A * 



h = l,...,k, Vb{B) 



bn 



all are upper triangular. Morover, by assumption we know that Vp{hi) > c for all i = 
1, . . . , n resp. Vp(bi — 1) > c for all z = 1, . . . , n and all ah^i are integral. This implies 
that 

n k 
i=l h=l 

is congruent to resp. to tr • • • Af. modulo p^. Thus, the lemma is proven. 

Let ti G N be divisible by p; since the operator Su,s in particular commutes with the 
Hecke operator Tp it leaves the slope subspaces invariant, i.e. we obtain a map 

k\<:x ^ \A /-p —k\(x 



Proposition 2. Fix a G Q>o. Assume that k,k' satisfy 



• k,k' > (Caa + 1)^ + 2 



• k = k' (mod p™") with m > C^a + 1. 

Then, for any u €N, which is divisible by p, the following congruence holds true 
if a > and 

c^-'=(<5)tr5„,5r„U^(r,^,-.). =Cc;-'='(5)tr5„,5r,|_^^,(r,x-_,,). (mod --(<^W)) 
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if a = 0. 

Moreover in case a > it also holds that 



Proof. We first assume a > and prove the first congruence. As in Proposition 1 



we set L 



Cc,a 



We first note tfiat > iV(a) + ^ implies ^ < (1 - ^)m. Since 



L < 7^ we thus obtain 

(46) L<{1- ^)m. 

Proposition 1.) in section 3.4 imphes that all eigenvalues 7 of acting on Mk{^, X^~'')^j 
P ^ a, satisfy Vp{'y) > L. Hence, Lemma 2 shows that 

uj-''{S) tr Su,sTne^\M^(^r,x<^-'')0 = (mod p^) 

for all P ^ a. Moreover, again by Proposition 1.) in section 3.4 we know that all 

eigenvalues 7 of acting on A4k(^iX^^^)" satisfy Vp{'y — 1) > [log^L] (note that 
(1 + p")/(l + p°+^) = {0/p,+) and that multiplication with p annihilates O/p, i.e. 
(1 + p^-y < 1 + p"+^). Hence, Lemma 2 shows that 

uj-\d)ti S^,sTne^\M,(T,x^->^)c' = ^~*^WtrS„,5T„|^^(r,^^-,)„ (mod 
We thus obtain 

(47) c^-^(5)tr5„,5r,U^(p,^,-.). =a;-'=((5)tr5„,5r,e^|^^(P,^,-.) (mod/°Sp^l). 

Of course, the same congruence holds true if we replace k hy k'. The claim now follows 
from (47) and the first congruence of Proposition 1 taking into account that 

[logpL]-Vpi^iN)) < L-Vp{ip{N)) 
(46) Nia) 



Hence, the Proposition is proven in case a > 0. 

We look at the case a = and prove the second congruence. As in Proposition 1 we 
set L = p^. Again, by using Proposition 1.) in section 3.4 and Lemma 2 we obtain 

uj-^{5) tr Su,5Tne^\j^^^^^^^-k) = u;-''{5) tr Su,5Tn\Mk{r,xuj-'')-' p™). 

This congruence still holds if we replace A; by A;'. Together with the second congruence 
in Proposition 1 this yields the claim. 
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Finally, the third congruence is proven in exactly the same way as the first congruence 
(using the first congruence of Proposition 1 and equation (46)) with one small modifi- 
cation: we omit the step, where we use tlicit tlic cigGnva,lues of e^/ on Mk(r,x^ '^)" are 
congruent to 1 modulo p. Thus, the proof of the Proposition is complete. 

The basic trace identity now reads as follows. 

Theorem. Let a G Q>o. Assume that k,k' satisfy 



• k,k' > (Caa + 1)^ + 2 



• k = k' (mod p™) with m > CqQ: + 1. 

Let ii, . . . ,is & ^ be prime numbers and let M eN be any divisor of N; then 

^"^^MiAii ■ ■ -^4 \Mk{r,xoJ-''r = ^^^Mp-'-h ■ ■ ■ -'-Is l>lfc,(r,xa;-fe')« V^^^ p p ^<.c j 

i/ a > and 

tr^Sr- •...■r;;U,(r,,.-.)„ ^tr7^ST;^ (mod p--^(v^W)). 

if a = Q. 

Ln addition, in case a > the following congruence holds 

^^^Mp^ii ■ ■ • -'^^ lA1fc(r,xc^-fe)« = tl^^fp^^i • • ■ I M^^, (r,xu;-fc' )" 1™°*^ P " )■ 

Proof. 1.) We first assume a > and prove the first congruence. Let n be any 
divisor of • . . . • ig" and let n' be relatively prime to Np. Since T{n', n') acts on 
A^fc(r, xw"'^)" as multiplication by x'^~'^ {n')n'''~^ (cf. (15)) we find 

(48) tr Su,sT{n' ,n')Tn\Mk{r,xuj-'')°' = X'^~''{n'')n'''~'^ ti Su,sTn\Mk{r,xoj-'')°'- 
Since furthermore k = k' (mod p^) implies 

(49) x^~H-n')n'''~'^ = Xi^~'''{ri')n''''~^ (mod p"^) 
and since 

u;-'{6)tTSu,sTn\M,ir,x^->^)^^^'H^)trSu,sTn\^^,t^r,xu^-.'). (mod pl'°^-[c^ll-^-('^(^») 
by the first congruence of Proposition 2, we deduce that 

(50) io-\d) tr Su,s Tin', n')Tn |>,,(r,x^-fc)« 

= u-'^'iS) tr Su,s T{n', n')Tr, U^,(r,x.-^> (mod /o,,&-v,(^m^ 

(note that [^^] < m, hence, logp[^^] < m; cf. equation (45)). 

On the other hand, since p\Mp we know that vrj^^ = X^^^m ssa ^u,5, where any 
n € M is divisible by p and any (5 G A is congruent to 1 modulo p (cf. the Corollary in 
section 3.2). Hence, 

(51) Trj^gr- • . . . • r;; G 5] ^ Z 5„,,r(n', n')T^ 

u,d n'.n 
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is a Z-linear combination of terms Su,sT{n', n')Tn with all u divisible by p and all (5 = 1 
(mod p) (cf. the Remark in section 3.2). In particular, lo{S) = 1 and equations (50) and 
(51) together yield the claim in case a > 0. 

To prove the second congruence we remark that the same proof as in case a > 
holds if we use the second congruence of Proposition 2 instead of the first one, which 
replaces the modulus of the congruence in equation (50) by (mod p'^~'"p('^(^))). 

Finally, the third congruence follows in exactly the same way as the first one if 
instead of the term tr Su,s T(n', n')Tn\j^^(Y^-^^-k^c, appearing in equation (48) we consider 



tr Su,5 T{n', n')T„ei''""-' \Mk{T,xi^-'')°' ^^'^ third congruence of Proposition 2 (note 



that 



Caa 



< m). Hence, the proof of the Theorem is complete. 
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4 p-adic families of modular forms 

4.1. Constance of dimension of the slope subspaces. As in the previous sections, 
throughout section 4 we fix a tame level N and a prime p satisfying (A'', p) = 1 and we 
continue to set F = ri(iVp). 

We denote by ^^-k characteristic polynomial of Tp acting on A4k(^,X^~^)°' ■ 
We have seen that ^"^^^-k is contained in Z[iVp][X] (cf. the Lemma in section 3.3). We 
set 

dl^^.k= dim Mk{r,x^-''r, 
hence, d? is the degree of ^? _u. We write 

d 
j=0 

where d = d'f _u. This defines af _i. . for i = 0, . . . , _u and we set a? _i. . = 
for 7 >dl 

Lemma. Let a G Q>o- Assume that k,k' satisfy 

• k,k' > {Caa + lf + 2 

• k = k' (mod p^) with m > C^a + 1. 
Then for all j G N U {0} we have 



if a > and 



u = n°' , (mod ■n'^-M'PWf-)) 
if a = 0. 

Proof. We first assume a > 0. We set 

Since Tpj = Tp (note that p divides the Level Np) we know that T^^^-k j ^-Iso is the 

trace of Tp on Alfc(r, xw~^)". We therefore obtain by a classical formula (cf. [Koe], 
3.4.6 Satz, p. 117) 

j 

(1) jK -k ■ = y^i-lf^^T^ -k ua? -k ■ u. 

V k,x^ ,J ' ' K,x^o ",n K,xti' ,J—h 

h=l 

This formula is valid for all 7 G N U {0| if we set a? . = for j > d? as 
we have done. The lemma then follows by induction over j = 0,1,2,... using (1) 
and the basic trace identity in section 3.5. In more detail, if j = then o!^^^^-kQ = 
of, 1./ „ = 1, whence the claim in this case (note that af _u „ and a" „ are the 
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leading coefficients of tlie respective cfiaracteristic polynomials). Assume therefore that 
the claim holds for 0, ... ,j — 1; the first congruence of the Theorem in section 3.5 yields 

r^^^-kj = ^k'xw-''' j (modpK'''^fl"''''^'^^^''^). Moreover, the induction hypotheses 
reads 

for all /i = J, . . . , 1. We thus obtain 

3 

■ a \ ^/ -i\h+\ a a 

j"'k,XOJ-'',j ~ ^> ^k,xu>->',h"'k,xu>-'',j-h 

h=l 

h=l 

= jo-Z -k' ■■ 

k',x<^ ,J 

Dividing by j yields a^^^_, . = a° . (mod pNp[cf^]]-^'p(v(^)j!)-) ^^^^^ ^^^^^ 

of the lemma is complete in case a > 0. If a = the same proof holds if we replace 
the summand " logp[£^] " appearing in the modulus of the above congruences by "m" 
and use the second trace identity of the Theorem in section 3.5. Thus, the proof of the 
Lemma is complete. 

Let a > and assume that d? _i. > c?f, , , . The claim of the Lemma then is 

k,xijJ " — k',x^~ 

equivalent to the following two statements: 

• a'? , . = <, . (mod pKl^l] -''-('^(^)^O) for = 0, . . . , dZ y • 

• a'l , . = (mod pK[aj]]-"-('^W^'')) for „ < J < 

k,xu) \ 1^ J k',xu)^ ~ k,x<^ 

(For j > c?^^^-fc we obtain the congruence = (mod p[^°^ptcQQ]] '"vifWi^^ \^ ^ which 
is completely trivial.) In particular, taking into account that j < d{= d'^^^-k) implies 
j < d{a) (cf. section 1.5 for the definition of d{a)) we obtain the congruences 



^xw-^j -%',x<^-'^',j imoclpL J ) tor J -U,...,d^,^^^_y 

(26) a" .^0 (modpK'^fl-''^^'^™"^'^) ford" < J < « 

We note that in case a = the same congruences with " logp[^^] " replaced by "m" 
hold true. We shall use equations (2a), (2b) to deduce that the function k d'^ 
is locally constant in the p-adic sense. To this end let E/<Q{Np) be a splitting field of 
^kxu'-''' continue to write *^^^-a: = Yl'j=o{~^y C'k xu>-'' ^ where, again, we 
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have set d = d'^^^-k- Since ^^^^-k =Ili{X - ^i) and the zeroes e E of all 
have p-adic valuation Vp{^i) = a we find 

(3) M^'lx^-^d) = 

We set 

Bq = maxjCQQ; + 1, CQa(exp (^ad{a) + Vp{ip{N)d{ay.) + l) + l)}- 

if a > and B„ = Vp{ip{N)d{a)\) + 1 if a = 0. 

Theorem B. Fix an arbitrary slope a G Q>o- For all pairs of integers k,k' G N 
satisfying 

• k,k' > (C„q; + 1)2 + 2 and 

• k = k' (mod with an integer m > Bq 
it holds that 



Proof. We first assume that a > 0. Straightforward calculation shows that m > 
Caa[exp{ad{a) + Vp{if{N)d(a)l) + 1) + l) implies 

771 

logp(- 1) - Vp{ip{N)d{a)\) > ad{a) + 1. 



Since 



hence, 



Caa 



> 1 and d(a) > _i. we obtain 

771 

logpi—-] - 1 - Vp{^{N)d{a)\) > adl^^ 



(4) 



Vp{ip{N)d{ay) > adl 



We now assume there are fc, fc' > (€0,0 + 1)^ + 2 such that k = k' (mod p"^) with m > Bq, 
and d'^^^_k ^ ^k' xu!-'=" ^^^^'^^^ ^^^^ generality we may assume that d'^^^_k > 
^k' xt^"*' ' -^^^^^^^"^ (^^) then immediately yields 



{d = dl^^^_k), hence, by using (4), we find 

v„(a? -k j) > ad? -k- 

This last equation contradicts (3), by which Vp{a'^^^_k^ = ad'j^^^-k- Thus, the as- 
sumption is false and the Theorem is proven in case a = 0. 
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If a = the same proof still holds: assume there are k, k' > {CaCt + 1)^ + 2 such 
that k = k' (mod p"*) with m > Bq = Bq and d'^^^-k > d'^, ^.^-y'^ using the definition 
of Bq, = Bo we find that Vp{a'^^^_k ^) > 0, while equation (3) yields ^pC^^^^^-fc ~ ^' ^ 
contradiction. Thus, the proof of the theorem is complete. 

4.2. Transfer for modular forms from weight k to weight k'. As in section 
3.1 we set H = r\Ai/r and recall that H acts on A^jt(r, xo;"*^)". For any sequence 
(A^)^gP with complex entries, where £ runs over the set P of all rational primes, we set 

M^^iX) = {f e Mkir, xT ■■ for ah ^ G P there is /c = /c^ G N : (T^ - Xi)^f = 0}. 

We fix an (auxiliary) numbering £i,£2,£3, ■ ■ ■ of the rational primes and we set 

MtJXe,,. . . , XeJ = {/ G Mk{r, xT ■ for alH = 1, . . . ,n there is A; = A;^ G N : (r^-A^)^ = 0}. 

Since the operators commute, the finitely many Hecke operators {T^^ ,T(^} can 
be simultaneously transformed into upper triangular form. In particular, for any n G N 
there is a basis B in -A^^ ^^-a:('^) such that for all i < n the Hecke operator T^. is 
represented by the matrix 



A4 



(5) ^b(?>,U^ _ (A)) 



/ 



Let A = {Xi)i^p be arbitrary. The spaces ^^-ki^h^ ■ ■ ■ ■> ^in) form a decreasing 
sequence 

(6) ^Ixo.-'^M ^ Ml^^.k{Xe„Xe,) D A^^,^,-.(A,,,A,„ A,3) D ••■ 
such that 

nGN 

Since dim7VJfc(r, xi^"*^)" is finite there arc only finitely many i G N such that 
Ml^^^_kiXe^,...,XeJ ^ M'^^^^_k{Xi^,---,X£i^^) in (6). In particular, for every A = 
{^e)eeP there is an G N such that 

(7) Ml^^.kiXe,,. . . , A,„J = Ml^^.kiX,,,. . . , A,„^^J = • • • = Ml^^.^iX). 

In different words, the (finite) tuple (A^^, . . . , A^^ ) already uniquely determines the sub- 

space Ml^^_,{X) < >lfc(r, xo;"*^)"- 

We now consider the set of all A's, i.e. we set 

A^,;, = {A = (A,),: >f^_^^_.(A)/0} 

and 

^k,x,n = {(A^i' ■ ■ ■ ' ^eJ ■■ Ml^^.k{Xe„. . . , A,J / 0}. 
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Since dim A^fe(r, x'^ *^)'^ is finite, A^^ is a finite set. We set 

"fe = "fc,x = max{nA, A G h.^^^}. 
Equation (7) then shows that for any two A = (A^)^gp and (A') = (A^)^gp with 
•^L--'^(^) ^ 0' ^L--'^^^') ^ ^^^^ 

W = ^ (Ai, . . . , AnJ = (Al, . . . , a: J. 

In particular, for a given (/z^^, . . . there is at most one A = (A^) G such 

that (A^^ , . . . , A^„^ ) = {ni^ fii^J. Hence, for any n < rife we obtain 

Since the operators spht over C and commute with each other, we further obtain 

. (9a) Mk{r,xu^-''r = ®Xe,eAl^,, •^L^-'^^^^i)' 

• (9b) >'^,,.-.(A.,) = eA,,:(A,,,A,,)eA^,^,,A^L--.(A.i,A,,), 

• (9c) •^fe,x--^(^^i'^^2) = ®A,3:(A,,,A,„A,3)6A^,^,3-A^fe,;,a,-^(^^i'^^2,A£3) 

• ... 

Thus, for any n we obtain 

Mk{r,xu^-'r = © -^L--^(^^i' • • • '^^«)- 

In particular, using (7) and (8) we deduce that 

(10) Mk{r,xu;-''r = Ml^^.,iXe„...,XeJ 

= ^Lu.-(^^i'---'^4j 

= ^Lu.-(^)- 

We describe an adelic version of the above decomposition of A4fc(r, xo;"'^)". We set 
Ki,iiNp) = {(^^ G GL2(Z^), c = 0,d=l (mod iVp)} 

and 

ifi(iVp) = H Ki,e{Np) < H GL2(Z^). 
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For simplicity we put K = Ki{Np) and = Ki^^{Np) and we note that Kg^ = GL2(Z^) 
for all £ J(Np. We define local Hecke algebras 

He = Ke\De/Ke, 

where 

De = {(^^ G M2{Zi), ad-bc^O,d=l,c = {mod Np)}. 
as well as the adelic Hecke algebra 

Ha = K\D/K, 

where 

D=llDe. 

e^oo 

There are canonical isomorphisms 

nj nj 

ri = rtA 
TaT 1-^ KaK 

and 

(cf. [M] Theorem 5.3.5, p. 214 and Theorem 4.5.18, p. 151). In particular, any H 
module becomes canonically a TiA-module and even further an H^-module for any prime 
i. By T£, (e) and we shall also denote the corresponding operators in Ha and we set 

We denote be TZj. the set of (finite parts of automorphic) representations (vr, V-^) of 
GL2(Aj), which occur in lime H^{S{C), Lk^c)^ C < GL2(Z) running over all compact 
open subgroups, and which satisfy ^ (recall that K = Ki{Np)). We then obtain 

MkiT) - H\SiK),Lk-2,c) 
= © 

neTZk-2 

Wc note that these are isomorphisms of TCa = modules. The representation vr 

decomposes vr = (8)^7r^, where {ni,V,r,i) is a representation of GL2(Q£) and we further 
obtain 

We look at the action of on . If £ }(Np the subspace of invariants V^g^ = ° ^ 
is 1-dimensional (note that = GL2{'^t)) and Tf'^ acts by multiplication with some 
scalar A^r,^ € C, i.e. 

T-iloc„,0 \ ^,0 
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If i\Np, let {vi^t}t be a basis of V^J; B = {(^i\^pvl^^ ® ®i\NpVi,u}{ti)i\Nj, t^^n is a basis 
of Vj^ with respect to which all operators with I )(Np are diagonal and even central 



(11) t^b^Wk) 



Kl Id. 



If ^\Np we denote by Xj^^e-h, h = l,...,n.,^^i the eigenvalues of acting on 
Furthermore, we denote by V^^.^^ C the generalized eigenspace attached to the 

eigenvalue X-,^ i-h oiT^. Hence, there is a basis Bh of f//^ such that Tf'^\ K( IS repre- 
sented by the matrix 

^loc 



Xn,e;h / 



Clearly, V^^ decomposes 

h 

For TT G TZk and any tuple h = (ft-£)£|jvp we define A^;^ = (Ayrj/i,^)^ G by letting 
Atti/i,^ = A,r,f if £ )iNp and X-^-h/ = XT:,£;he if i\Np. Moreover, we set 

Clearly, 
and 

neTlk-2 h={h()(\i^p 

Finally, we obtain the adclic version of the decomposition (10) of A^fe(r, xo;"'^)" as 
follows. We have < Alfe(r, xo;"*^)" precisely if 

TT G 7^fe_2, a;^!^ = X and 'yp(A7r,p;/ip) = a. 

Here, is the central character of tt; note that since Q*\A* = Yli^^"^} x M>0' 
idele class character : Q*\A* C* is uniquely determined by the pair (a;^. A;), where 
cJtt = "^ttI^ and cJttIr^^^ = | • l^'^ (cf. the definition of the representation 1^ in section 
1.3). We deduce that ■M'^ ^^^kiX) vanishes unless there are tt and h such that the above 
conditions hold and A = A^r,/!. Moreover, in this case we obtain 

Mi^^-.{x) = vj;,. 
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Notice that Vp{\Tr,p;hp) = « implies V^j, 
analogoue of (10) 

{tl: 12) Mkir,X'^-'') 



= V^.f^. In particular, we obtain the adelic 



= e e y^-A- 



We obtain analogous decompositions of the space of modular forms if we only use 
primes £, which do not divide a certain fixed integer. More precisely, let M G N and let 
A = {Xe)£iM be a sequence of complex numbers, whose entries are defined for all primes 
not dividing M. We set 

■^fc,xc.-fc(^) = {/ ^ Mkir,Xio-^r ■■ for all £ J(M there is n = G N: (T^ - A^)"/ = 0}. 
We define 

^t,x,M = {A = {Xe)i\Ai : Ml^^^,{X) / 0}. 
Quite similar to equations (9a,b,c,...) and (10) we obtain 

We also define the spaces Mf.y^^-kiX) and the set ^k,x,M'- 

Mk,^^-k{X) = {/ G Mk{r,x^~^) ■■ for all i /M there is n G N: (T^ - A^)"/ = 0}. 
and 

Afe,x,M = {A = {Xi)ei0 ■ •^it,xc^-'=(A) / 0}- 

Again, 

(13) Mk{T,xu^-')= Alfe,x--^(A). 

Clearly, in case p J(M we have 

CX^-/ ^ ?;p(Ap)7^Q; 

'^'^'^-''^^ ^ I A^.,x..-,m(A) if Vp{Xp)=a. 

We note that in what follows we shall mostly consider the case M = Np. 
It is immediate by the definitions that 

-^fe,x--'^(A) = MkiT,xu;-'rnM,,^^-4^). 
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We claim that 

i.e. is the slope a subspace of M.k-^fj-k{\). In order to prove this we 

verify both inclusions. "C": Clearly, - -^A:,x'^-*^('^)- other 

hand, all eigenvalues of Tp on ■^'^^^-k{^) have jo-adic value equal to a because 
A^°^^_fe(A) C A4^.(r, X"^^^)", hence, ^^-k{^) must be contained in the slope a 
subspace of ■M.k,xijj~''^^^ (^^^ t^sX V"^ = 0„p(^)=Q ^7, where C F is the general- 
ized eigenspace attached to 7). "D": Clearly, M.j^ .^^-k{\)°' C M.j^.^^^-k{\). Moreover, 
since all eigenvalues of Tp on Al^ T^j^-fc(A)" have p-adic value equal to a we deduce that 
A^^.^^-fc(A)" C A^fc(r, X'^"'^)"- Hence, altogether we see that Mk,x'^-''W^ con- 
tained in the intersection, i.e. Mk,x'^-''W^ contained in •'^^^.^-fel-^)- Thus, the proof 
is complete. 

Let (tt, V^) be a (finite part of a cuspidal automorphic) representation of GL2{^f) 
such that occurs in Mk{^,X'^~^)- decomposes = (8>^V^/, where 

= {<i) 

if £ )(Np and acts on V^^, I )(Np, as multiplication by some scalar Xt^^£. We set 

We denote by V-^'°' resp. V^^'" the slope a subspace of resp. with respect to 
the operator Tp resp. Tp°'^. M.k(r,X^'''') is the direct sum 

(14) Mk{r,x^-')= vj". 

As an immediate consequence, we obtain 

(14") Mk{r,xu^-''r = v;^'". 

Clearly, F,/^ is contained in Mk^-^u-kiXj^). Moreover, the strong multiplicity- 1 Theo- 
rem implies that vr is the only representation in TZk-2 such that is contained in 
■Mk,xui-'^i^-^)^ i.e. the assignment vr 1-^ Ajr is injective. Thus, comparing (13) and (14) 
we obtain 

(15) Mk,^^-k{X^) = Vj'. 

Taking into account that -^k ^^^-kW = •^k,xui-''W^ obtain as an immediate conse- 
quence 

(15") ^/'" = -^L--^(A.)- 
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In view of (15) we define tfie conductor of A = (A^)^^^^ as tlie conductor of tt, where tt is 
the representation of GL2(A^) corresponding to A (i.e. Att = A). For later purpose, we 
note that '"^ decomposes 

(16) Vf = ®i^pV^I 

Finally, let A = (A^)^^^ and A' = {X'^)e[Np be contained in A.'^^j^p and assume that 
A 7^ A'. The strong multiplicity- 1 Theorem implies that there is a prime ^(A, A') such 
that ^(A, A') does not divide the level Np and A^(;^ ;^/) ^ '^^(aa')' particular, there is 
an integer Ax^y such that 

(17) Ma,A') # A^(A,A') (modp^A.v). 
We set Pk = Pfc-^ = {^(A, A'), A, A' G At,x,Np}- 

Notation. We denote by A^ = A'^^ any integer which is greater than all Ax^x', 
A, A' G ^kxNp- different words, Ak is any integer such that 

(18) X = X'^X^ = \'^ (mod;j^'=) for alH G Pfe. 

For example, we may choose A^ = maxA,A'eA«^ {^a,A'}- Notice that Pk is a finite 
set and that the maximum exists, both because tke set A^^ is finite. 

Let A = (Xf,)f\^r G X Np- Since the projection operator tt^^ (^1-^) commutes with 
the Hecke operators T^, £ J(Np as well as with Tp (use the Corollary in section 3.2 as well 
as the Lemma 2, part 1.) in section 3.5) we deduce that TTp^ leaves the space -^^^t^-fc('^) 
invariant, i.e. for any F\N we obtain a map 

4r-^L..-(A)--M^,,.-.(A)^^(^^). 

Theorem. (Transfer from weight k to weight k'). Let a G Q>o and assume that 
k,k' €N satisfy 

• k,k'> {Caa + if + 2 

• k = k' (mod p^) where m > B^. 

Let A = {Xi)eii^p G At,x,Np- 

1.) There is A' = {X'^)i\^p G A^, .^^^^^ such that 

• -^^z ^^-fc' (A')'"^^^^^ 7^ (0)' ^-S- conductor of X' is a divisor of Fp 

• X'^ = Xe (mod p^) for all £ which do not divide Np. 

Here, F is the prime to p part of the conductor of X, i.e. cond (A) = Fp, where 
{F,p) = 1 and p\p and 

Vp{^{N)[GU{Z) : r,{Np)]d- ,\) - 1 

Afc 



CaCt 



(19) D = Da,m 

'"1 

k,xw 
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if a > and 



m - Vp{^{N)[GL2iZ) : T,{Np)]dl^^_J) - 1 



(19°) D = D^,m = ^-^^^ A, 

if a = 0. 

2.) Assume in addition that dim Alfc(r, xa;~^)" = 1. Then there is X' = (A^)^!^^ G 

• ■^'i^i ^^J-k'i^')^^^^^^ 7^ (0)? conductor of X' is a divisor of Fp 

• X'^ = X( (mod p^) for all £ which do not divide Np. 
where 



(19) D = D 

if a > and 



CaCt 



Vp{ip{N)[GL2{Z) iTiiNp)]) - 1 



a.m 



n 90^ D = D = ^-MvmGL2{Z):Ti{Np)])-l 

if a = 0. 

Proof. 1.) We fix an arbitrary element A = (A^)^^^^ in A^^ and we assume that 
there is no A' = {X'^)i\^p G A^, ^ satisfying the conditions of the Theorem. 

We denote by A^, ^ the set of A' G A^, such that there is a prime ^(A'), which 
does not divide Np and which satisfies 

K{X')^My) (mod;>°). 

Moreover, by A^, 2 we denote the set of elements A' G A^, ^ j^^, which are not contained 
in A^, ^ and which satisfy 

Our assumption that there is no A' as in the Theorem then is equivalent to 
^k',x,Np = K',i^K',2 (disjoint union). 

We set 



and 



C — TT pp 6 6a 



Here, £(/x. A) is the prime defined before equation (17). Note that ^(/i. A) does not divide 
Np, i.e. the term makes sense. 
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We determine trel 



Xfe(r,xw-*)': 



and trel 



M;,,(r,xu;-'=') 



a and we start with a general 



observation. Let V = M^^^.^i^), 7 e Alx,Np V = ■^fc^xc.-^'('^')' ^' ^ ^k',x,Np- Let 
. . . , be a basis of and extend to a basis B = {vi, . . . , Vs,Vs+i, ■ ■ ■ , Vm} of 

V. With respect to B we obtain 



/ [Ti{Fp):ri{Np)] 



(20) 



[ri(Fp):ri(iVp)] 



V 



0/ 



Thus TT^ply has eigenvalue with multiplicity dimF — dimV^'^^^P^ and eigenvalue 

[Ti{Fp) : ri(A^j9)] with multipUcity dimF^i^-^^). Since vr^^ and Tt, i A^P and 
commute, they are simultaneously trigonalizable, i.e. there is a basis B oi V such that 



(21) 



VB{Te\v) 



\ 



* \ 



for all £ /{Np, where k = 7^ or k = 7^ (note that has only eigenvalue 7^ resp. 7^ on 



(22) 



and 



(23) 



V 



* \ 



where e = 1 (mod p) (cf. Proposition 1.) in section 3.4). Moreover, (20) implies that 
precisely dimV^^^^^^ of the diagonal entries of (22) equal [ri(Fp) : Ti(Np)], while the 
remaining ones are equal to 0. Using (21), (22) and (23) we see that 

tre|v = Ke[ri{Fp) : ri{Np)]diuiV^'^^P\ 

We shall use this in the following computation of ti e\j^^(Y^^^-k^a and ^\m^., (r x<^~''' ' 
To compute these traces we look at the spaces j^;^-/c(7)) 7 ^ ^kxNp ^^'^ 
^t'aw-"' ' ^' ^ ^k',x,Np individually. 
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The spaces M^, ^^^-yil )■> 1 ^ ^t' v '^^^ definition of e and equation (21) imply 



tfiat 



c 



* ^ 



where 



k,x,Np 



Since the factor corresponding to /x' = 7' vanishes, ( equals and we deduce that 



^^(^/) = 0. Hence, since G C[Tp\ leaves the space M.'^, invariant we 



obtain e\j^a = 0. 



The spaces A^^, ^^-k'il')' l' ^ ^fe' 2- Since ^^^-fc'(7') is stable under all Hecke 
operators T^, t /{Np, it is also stable under e. Moreover, since -^^^ ^^-k' (t')'"^^^^^ = 



(0) by the definition of A^, 2, the operator tt^^ annihilates -^fc/ ^^^-fc' (tO- Hence, 

k,x<^ 

Thus, altogether we have seen that ^\My(r xi^~''')" ~ ^ ^^"^ therefore 



(24) 



• The spaces M? -/c(7)) 7 ^ Nv' ^ ^ ^- Again, the definition of e and equation 
(21) imply that 

/c *\ 



I^B(eU« (^)) 



where 



Since the factor corresponding to /Lt = 7 vanishes C equals and we deduce that 
^Iai" (7) — 0- Hence, we obtain e\j^a , \ = and therefore tre|_^a = 0. 

k^X^^^ k,x^^~^ k,x^^^ 

• The space M? -fc(A) (i.e. 7 = A). Using equations (21), (22) and (23) we find 

tr7rgeeL'""J |^,. (a) = [TiiFp] : ri(iVp)] d, 
where d = dmiMl^^^^{\f^^^P\ Vp{e) = and 

(25) c= n (Mm,a) -/^^(m,a)) n (^A*') 
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Taking into account that 

- K,x,Np\ < dimMk{r,xoJ-''r = dl 



- I A?, 1 1 < dim Mk'(T, x^'^'T = d?, y = d? _k, because df, = d'? _^ by 
Theorem B 

- A^(A,m) ^l^£(X,fi) (modi^^fe) (cf. equation (17)) 
and 

- A^(^/) ^ (mod p^) because fj,' runs over A^, ^ 
we deduce from (25) that 

v,{C) < dl^^^.A, + d°^^_,D = dl^^^Mk + D). 

Hence, taking into account that Vp{d) < ^p('^^^t^-fcO (note that d < d'j^^^_i^), Vp{e) = 
and [Ti{Fp) : ri(iVp)]| [GL2(Z) : ri{Np)] we obtain 



Vp{ty:{e\M" _JA))) = Vj,{[r^iFp):r^{Np)])+Vp{0+Vpid) 



k,xu> 



< Vp{[GL2{Z) : UNp)]) + dl^^.,{Ak + D) + Vp{dl^^.,\). 



Thus, we obtain altogether 

(26) Vp{tT{e\^^(^p^^^-k^^)) = VpitT elM-j^ ^^_^(^x)) 

< Vp{[GL2{Z) : r,{Np)]) + dl^^.,{Ak + D) + Vp{dl^^., 

To proceed we distinguish cases and first assume a > 0. Since D is such that 

m 



Vp{[GU{'^) : ri(iVp)]) + dl^^.,{Au + D) + ^p(d^,^,-J 
equations (24) and (26) yield 



- Vp{ip{N)) - 1 



(27) tr(e|^^(r,^,-.)„)#tr(e|_^^,(r^^,_.,).) (mod pLc:.J-''^(^(^))). 

On the other hand, since all ^e(x^fj,) and )^e{tj,') integral elements in some finite extension 
E/Q we deduce that e is an O^j-linear combination of terms of the form tt^^T^^ ■ . . . ■ 

TigCa "° , where £i = i{X,fi) for some /j, € ^kxNp " '^^ — Kl^') some G 
A^, ^. The third congruence of the Theorem in section 3.5 therefore yields (note that 
> Bq > CqQ; + 1) 



tr(e|^,(r,xa;-fe)«) = (e|^^,(r,^^-fc')a) (mod p 
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which contradicts (27). Thus, our assumption is wrong and the Theorem therefore is 
proven in case a > 0. 

Finally, we look at the case a = 0. Here, the definition of D is such that 

Vj,{[GL2{Z) : r,{Np)]) + dl^^.,{Ak + D) + = m - Vp{ip{N)) - 1, 

hence, equations (24) and (26) yield 

(27°) tr(eU^(r,^,-.)„) ^ tr (eU^,(r,^,-.y ) (mod p"^-M^(^))), 

On the other hand, the second congruence appearing in Theorem in section 3.5 yields 

tr(eU,(r,x<.-^)«) = ^ (e|A^,,(r,xa,-'^')«) (^od pr^-M^m^ 

which again, contradicts equation (27°). Hence our assumption is wrong and we obtain 
the claim in case a = 0. Thus, the proof of part 1.) is complete. 

2.) Since dim.M-k{r,x^~'^)°' = 1 we know in particular that Mk{T,x^~'')°' = 
•^k a;-*(^)' therefore define the simpler (im comparison with the element defined 
in part 1.)) element 

e= n (^^(m') -^^(m')) ^ 

and 

r m 1 

e — TT pp e Ca 

As in the proof of part 1.) we find 

- eU,,(r,xa;-*')« = 0, hence, tr e|^^,(r = 

- trel^a (A) = Ce [^i{Fp) : T^iNp)]) (note that d = dim (>!" ^_,(A)ri(^f)) = 1, 
because A has conductor Fp), where Vp{e) = and (simpler now) ( = H/t'eA" (-^^(m') ~ 

Hence, as in part 1.) we obtain 

Vp{tTe\M,iT,x^-k)a) < VpilGUiZ) : r,{Np)]) + d^^^.^D. 
Using the definition of D these facts imply that 



tr(eU,(r,;,a;-*)a)^tr(e|_^^,(r,x^_fc,)„) (modpLca.J M^{N))^^ 
in case a > and 

tr(e~U,(r,x^-.).) ^tr(e|_^^,(r_^^_,,)„) (mod p^-''^^^^^))), 

in case a = 0. Again, this contradicts the Theorem in section 3.5 and the proof of the 
Theorem therefore is complete. 
We set 

VpiviN)[GL2iZ):T,iNp)]d2 J) + 2 
k) = 
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if a > and 

b(a, k) = 

if a = and 

' if a>0 



a(a, A;) = < 



^cF^^ — if a = 0. 



We then find a{a, k)m + b(a, k) — A/. < D for all a > and even a(a, /i;)m + b(a, A;) < D 
for all a > if in addition dim A^fc(r, xo;^^)" = 1 holds. In case a = these inequalities 
are obvious, in case a > they follow from \-m — ^^^= — 1 > -m — ^^^= 1. Thus, the 

element A' appearing in the above Theorem in particular satisfies the congruences 

\[ = Xe (mod pa(a,fe)m+b(a,fc)-ylfc) 

for all i J(Np if a > and even 

= Xe (mod p-i»,k)m+b{a,k)^ 

for all i ){Np if a = 0. Thus, if we set 

a (a) = min {a(a,A;), k> (^0 + 1)^ + 1} 

and 

b(Q;) = min {h{a,k), A; > (Caa + if + 1} 

we obtain the following 

Theorem'. Let the assumptions and notations he as in the preceeding Theorem. 
Then, for any X = (A^)^^p ^ ^fe x ^^^'^^ is a X' = (A^)^^^ G A^, ^ such that 

* "^k' u!-k'i^')^^^^^^ 7^ (0); conductor of X' is a divisor of Fp 

X'e = Xe (mod 

for all £ J(Np. 

If in addition dim A^fc(r, xw""'^)" = 1 holds we even obtain the congruences 

X'e = Xe (mod p^'^+^). 
Here, a = a(ci; and b = b(a) only depend on a and a (a) satisfies the inequalities 

a(Q;) < . , ,^ 

^ ' ~ dimAlfc(r,xw"^)" 

for all k > {CaCX + 1)^ + 1. Moreover, in case a = it even holds that 

a(a) = min {— r— 7^; r— , k > (Co-a + 1)^ + 1}. 

^ ' MimA^jk(r,xu;-*^)" ' ^ 
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Proof. Everything has been proven above except for the claimed inequahty satisfied 
by a, which follows immediately from CqO; > 1 (cf. equation (45) in section 3.5) and the 
definition of a{a, k). Thus, Theorem' is proven. 

Remark. Since a (a, k) and b(a, k) only depend on k modulo p^" we find that 

min {a(a, k), k> {Caa+lf+1} = min {a{a, k), (Caa+1)^+1 < A; < {Caa+lf+l+Ba}, 

i.e. a (a) is the minimum of a finite set. In particular, since all a (a, k) are strictly positive 
we see that a (a) > 0. 

Remark. We set a = a (a) and b = b(a) and in what follows we shall always use 
the (slightly weaker) congruence " (mod p^™+'^)" of Theorem' instead of the congruence 
" (mod p^)" of the Theorem. 

4.3. p-adic families of modular forms. To begin with we note three more 
corollaries to the above Theorem'. To this end, we let A = (A^)^^^ G ^kxNp 
A' = {\'^)e\j^p G K',x,Np be as in Theorem', i.e. A^ = A^ (mod p^^+^-^k) for all £ ){Np 
and -F'|F, where we denote by F resp. F' the prime-to- p part of the conductor of A 
resp. of A'. Let tt = tt^ resp. tt' = tta' be the representation of GL2(A/) corresponding 
to A resp. A', i.e. Ml^^.,{\) = f/''^ and A^^, (A') = F^'" (cf. (15«)). 

Corollary CI. We fix a G Q>o and assume that k, k' satisfy k, k' > (C^a + 1)^ -|- 2 
and k = k' (mod p'^) with m > Bq,. Then, with the above notations we have 

(28a) dimV5^<dimi;f^, 

for all primes i p and 

(286) dim K^^'" < dim Fjf 

In particular, 

(28c) dim V^'" > dim V^''^ 

(cf. equation (16)). 

Proof. Let N = Y\^i'l\ F = \{^ , = Hi be the prime decompositions of iV, 
F and F' . We distinguish cases. 

In case I does not divide Np the claim is obvious since both spaces in question are 
1-dimensional. 

In case I divides iV we will apply the following result, which is part of Cassclman's 
representation theoretic reformulation of Atkin-Lehner theory: if (p, Vp) is an admissible 

GL2(Q£)-module with conductor then dimFp^^^*-^ ^ = a — e-\- \ for any a > e (cf. [Ca], 
Corollary to the Proof, p. 306). Since F'\F\N we obtain < < n^. We then compute 
using Casselman's formula (recall that K = K\{Np)) 

(29) dim = dim F^'^^^"'^ = n, - e, + L 
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In the same way we find 

(30) d\inV^^^ = ni-e'i + l 

and since e- < equations (29) and (30) yield the assertion in case i\N . 

Finally we look at the case i = p. Since V^- and V^/ both appear in the space of 
ri(A''p)-invariant forms, the conductor of Vj^^p and of F7r',p equals 1 or p, or, equivalently, 

K K 

dim V and dim V, both equal 1 or 2. Thus, the claim follows if we can show that 
dim 14- p'" < 1 (note that V,^'°' 4^ 0, hence, dim VI,!,'" > 1 because A' G A?, ^ j^^^ i.e. 
^ _^,(A') C V5'°). Clearly, dimV^^^'" < 1 holds trivially if condT^,^ = p, 

hence, we may assume cond V^^p = 1 or equivalently, dim V^,/ = 2. We choose a basis 
{/i) 72} of V^^p such that Tp has triangular form ^ ^ with repect to this basis. We 

set ai = Vp{\i), i = 1,2. If ai 7^ 02 then again we trivially have dimV^^'" < 1. Thus 
we may assume ai = 02- Since ai + 02 = /c — 1 (cf. [M-G], p. 796) we obtain 

a = ai = a2 = {k — l)/2. 

We distinguish cases and first assume a > 0. By our assumption on k we know that 

k > (C^a + l)^ > (Caa)2. 

Recalling that Cq > N{a) + ^ (cf. equation (45) in section 3) we further obtain k > 
{N{a)a + 1)^ and since N{a) > 1 (cf. equation (32) in section 3) this implies 

k > N{afa^ + 2N{a)a + l>a^ + l = {k- if /A + l>{k- if /A - 1/4. 

Altogether, we obtain > /c^ — 6/c, which yields that < /c < 6. Hence, k is one of 
the finitely many weights 2,3,4,5,6. On the other hand, since C^a > N[a)a + 1 > 1 
(cf. the definition of in section 3.5 and equation (32) in section 3.4) we find k > 
(C^a + 1)^ + 2 > 6, which is a contradiction. Thus, our assumption ai = 0:2 is false 
and we deduce that dimV^'" < 1 (of course, since we assume A G ^kxNp space 

dim V^'" is not trivial, i.e. we have diml^^'" = 1). Finally, in case a = 0, i.e. Cq, = 0, 
the assumption ai = a2 = a leads to = Vp{a) = (k — l)/2, i.e. k = I, which is not 
possible. This completes the proof of the Corollary. 

We introduce two more pieces of notation. Let k,k' be as in Theorem' in section 
4.2. For A = (A^)^!^^ G ^^^^^Np denote by X{k') G A^,^^ any element satisfying the 
conditions 



(31) Mt^^^^-.W^'^"""^ + (0) 
and 

(32) A^ = \i (mod p^^^+b-^'c; 
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for all I /\Np, where k = k' (mod p'^). We note that in case dim A4fe(r, x^"'^)" = 1 
Theorem' in section 4.2 shows that stronger congruences than those of equation (32) hold, 
but we will not need this (but sec also the Remark following Corollary C2). Theorem' 
in section 4.2 guaranties the existence of an element X{k') satisfying (31) and (32) if 

(33) k, k' > (CaO! + 1)^ + 2 
and 

(34) k = k' (mod p"^) with m > B^. 

Moreover, we denote by t^x the representation of GL2(A^) attached to A and by 'Kxik') 
the GL2(A/) representation attached to A(fc'). Finally, if A,/x G A^^^^ we write 

\ = ^ (mod p^'^+b-^fc)^ 

to denote that A^ = /i^ (mod p^"*"'"''~'^'=) for all i /\Np. Equation (18) then may be 
reformulated as follows 

(35) A, /X G K,x,Np^ ^ + 1^ ^ # M (mod p^"). 
Corollary C2. Let a G Q>o and let k > (C^a + 1)^ + 2 be any integer. Set 

L(a, k) = [max {B„, {2Ak - b)/a}] + 1 G N. 

For all k' > {CaCx + 1)^ + 2 satisfying k' = k (mod p™') with m > L(a, k) the following 
properties hold. 

2. ) diml^^'" = dimVn-^^"j (A G A^^^^ arbitrary). In particular, condA = 
condA(A;') (because we know that condA(fe')|cond Aj. 

3. ) For any ^ & -^k x Np there is precisely one A' G A^, ^ satisfying 

X' = X (mod /"*+''-^'=). 

Since \{k') also satisfies (32) we have X' = A(fc') and 2.) implies that X' also satisfies 
cond A = cond A(A;') . 
4-) We denote by 

V ■ ^^k,x,Np ~^ ^H',x,Np 

the map which sends X to the uniquely determined element X{k') satisfying X{k') = X 
(mod p^'"'*"'''"'^*). Then, Lp is a bisection. 

Proof. Let X,fiG ^^y-Np' M 7^ We set A' = A(A;') and jj.' = n{k') and we denote 
by (7rA',K-;^/) resp. (vr^',K-^/) the representation of GL2(A/) corresponding to A' resp. 
n' . Since the numbers k, k' satisfy (31) and (32) the existence of A' and ^' is guarantied 
by Theorem' in section 4.2. Equation (18) implies that 

Mn,X) ^ iJ-i{u.,\) (mod p^*' ) . 
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Since m > L{a,k), equation (32) in particular implies 

(36) A,(^,,) ^ A^(^,,) (modp^L(«''=)+^-^'=) 
and 

(37) ^ /.^(^,,) (modp^L(a,.)+b-^,^_ 
Since aL(a, k) + h — Ak > Ak, we altogether deduce that 

(38) K(,,x)^f^'ii,,x) (modp^'=). 

Thus, we have proven that the X{k'), X G ^kxNp^ pairwise non-congruent mod- 
ulo p^''. In particular, the representations 7T\(^k')^ € A^^^^, are pairwise non- 
isomorphic, hence, the spaces K-^^f^./)) X G A^^j^^, are pairwise different. Since the 
V^^^,^, A G ^kxNpi irreducible K\GL2(A/)/if-modules, we deduce that the sum 
0apA" direct. In particular, looking at slope a subspaces we obtain 

(39) © y^'" cA^fcKr,xcu-''r- 



Since furthermore k, k' are bigger than (Caa + 1)^ + 2 and k = k' (mod p'-("''^)) where 
L{a,k) > Ba, Theorem B implies dim A^fe(r, xa;"'^)" = dimMk'i^,X^''^')°'- Also, 
dim ^ dim by (28c) and altogether we obtain the chain of inequalities 

(40) dimA<fe,(r,xa;-'=')" ? dim ^^J^ 

AeA? 



y dimV5'" 



(28c) 

> dimV;,^'" 



dim Mk{T,xuJ 
(^'=^^ dimA1,,(r,X--'=')". 
Thus, we have equality everywhere and, hence, we obtain 

dimA1fc,(r,xc^-'')" = dim V;^J^, 

which yields the first claim of the Corollary. Moreover, equation (40) further yields 
^ dimy^^J^ =dimA^fe,(r,xa;-*^')"= ^ dimF,^'«. 

■^^^k,x,Np ^^^k,x,Np 
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In conjunction with equation (28c) this impUes dimV^_^'° = dim , which is the 

second claim of the Corohary. Furthermore, if there were two different elements A' and 
A" in A^, ^ satisfying equation (32) then one of them would equal X{k'), i.e. it satisfies 
in addition (31). Without loss of generality we may assume A' = A(fc') and we would 
obtain 

which contradicts Mk'{^,X^~'^')"' = ©AeAg ^'^(fc')' there is only one element 

A (A;') satisfying (32), which is the third claim. Finally, to prove the last claim we assume 
there are A,/i G ^txNp ^^^h that (p{X) = ^{ij)-, i.e. \{k') = fi{k'). We then obtain A = 
A(fc') = fi{k/) = fj. (mod pa™-+b--4fc Since m > L(a, k) wc find am + h — Ak > Ak- Hence, 
equation (35) implies that A = /n, which is the injectivity of ip. To prove surjcctivity, let 
A' e A^,^,^,. By 1.) there is A G A^^^ ,^^ such that M^,^,_..(A') = A^°, (A(A;')), 
which immediately implies that A' = A(A:') = <f{X). Hence, if also is surjective and 
therefore a bijection, which is the fourth claim. Thus, the proof of the Corollary is 
complete. 

Remark. Let a G Q>o, let k > (Co-a + 1)^ + 2 be any integer and assume that in 
addition dim>Jfc(r,xw-'=)" = 1. Hence, A^^^^ = {A} and Mk{T,x^^~'')°' = V-f^'"". Let 
k' > {CaCt + 1)^ + 2 be any integer satisfying k' = k (mod p^"). Theorem' in section 4.2 
shows that there is an clement X{k') € A^, ^ such that A = A(A;') (mod p^"^^^). On 
the other hand Theorem B shows that dim A^fc(r, xu;"'^) = dim Alfc/(r, ^o;"*^'), hence, 
K',x,Np = {^(^')} and Mk'{T,xu^-^') = ^^^^yy In particular, 

is a bijection, 

Mfe,(r,xa;-'=)'^ = K^J, 

and 

dimT/^." = dimV;,^J,^(= 1). 

Thus, we obtain in a trivial way all the statements of Corollary C2. On the other hand, 

we note that in case dim A^fc(r, x'-^~^) = 1 these statements hold for all k' which satisfy 
the congruence k = k' (modp^"), i.e. we replaced L(q:,/co) by Bq, which no longer 
depends on k^. 

We note one more consequence of Theorem': 

Corollary C3. Let a G Q>o and let ko > (Co-a + 1)^ + 2. Then for any integer 
k satisfying k = ko (mod p^^"''^'^^) and k > (C^a + 1)^ + 2 the following holds: let 
^^l^^Kx.Np'' then 

A = /i (mod p^*^o) <;4. A = /X. 
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In different words, as long as we consider integers satisfying k = ko (mod (and 
k > (Co-a + 1)^ + 2^ we may choose = A]^^ independently of k (cf. the Notation in 
section ^.2 for the definition of A^). 

Proof. Only the implication needs proof. To this end we let \,jjL G ^^xNp 
and assume [i- We write k = ko (mod p™); by Corollary C2 4.) there are elements 
Ao,/Uo € A^^ ^ such that A = Xo{k) and fj, = fJ,o{k), i.e. Aq and fj,o satisfy the congru- 
ences A = Ao (mod ) and ji = iiq (mod p^'"+''"^'=o ). Since m > L(a, fco) we 
know that am + b — Ak„ > A^,, . Furthermore we know that /xq 7^ Aq because /i 7^ A, 
hence, ^ A (mod p'^'^o ) by equation (35) and we obtain 

A = Ao#/xo = /x (modp^'^o). 

Thus, A ^ (mod p'^''"), which completes the proof of the Corollary. 

We are now ready to prove that any A G A^^ ^ kg > (C^a + 1)^ + 2 can be placed 
into a p-adic family of systems of eigenvalues. 

Theorem Dl. Let a e Q>o and let ko > {Caa+l)'^ + 2. Then, for any \ £ A'^^^^ j^^ 
there is a family {X[k))k, where k runs over all integers satisfying k > (CqQ; + 1)^ + 2 
and k = ko (mod p^i^'M'j^ which satisfies the following properties 

• A(fco) = A 

• ifk = k' (mod p"") then \{k) = X{k') (mod p^^+b-Ak^y 

Here, a = a{a) and h = b(a) are the integers defined in section 4-2, hence, 

1 

a < 



dimMfe(r,xw-'=)° 
for all k > (CaOi + 1)^ + 1 and even 

' = "^^"^ dimA^.(r,xa;-^)- ' ^ ' + + 

if a = 0. 

Moreover, if {iJ,{k))k, iJi{k) G A^^^^ is another family satisfying the above three 
conditions, then fi{k) = X{k) for all k. 

Proof Let A G A^^^ ^ j^^, ko > (C„a + l)^+2. We define the family {X{k))k as follows. 
We have seen (cf. Corollary C2) that for any weight k satisfying k > (Co-a + 1)^ + 2 
and k = ko (mod p^^'^'^o)'^ there is a (unique) element A(fc) £ A^^ such that X(k) = A 
(mod pa^^+b-Afco). In this way we obtain a family {X{k))k, which clearly satisfies the first 
two conditions. We will show that it also satisfies the third condition. To this end, let 
k, k' be integers satisfying k, k' > (Cad + 1)^ + 2 and k, k' = ko (mod p'-("''=o)). We write 
k = ko (mod p^), k' = ko (mod p^) and k = k' (mod p"^). We obtain 

X{k) = X{ko) (mod p^^+^-^ko^ 
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and 

\{k') = X{ko) (mod p^y+^-^^o). 
Clearly, x,y > L{a, ko) and since aL(a, ko) + b — A^^ > Ak^ we obtain 

(42) X{k) = X{ko) = X{k') (mod p^^i'). 

On the other hand, since k,k' = ko (mod p^i'^M'^ -^g ^Iso find that m > L(q;, feg) and 
since L(a, ko) > Bq Theorem' in section 4.2 shows that attached to X{k) & -^^^Np there 
is an element fi' G A^, ^ satisfying 

n' = X{k) (modp^"*+''-^'=o). 

Note that we may choose A^ = A^^ by Corollary C3; this is why 'Mfep" may appear in 
the modulus of the above congruence in place of "Afc". Since m > L(a, ko) we obtain 

(43) n' = X{k) (modp^fco). 

Equations (42) and (43) yield A(fe') = /x' (modp^'^o), which by Corollary C3 (and the 
definition of Ak^; cf. the Notation in section 4.2) implies that A(A;') = /i'. By the choice 
of n' we then deduce that A(fc') = X{k) (mod /"^+b-^fco). 

The uniqueness of the family {X{k))k is a direct consequence of Corollary C2 3.). 
Thus, the proof of the theorem is complete. 

If we know in addition that dim M.k(r , X'^'^)'^ = 1 we can derive a stronger result 
than Theorem D. In fact, any A G A^^ ^ can be placed into a p-adic family, whose 
base and modulus no longer depend on the initial weight ko: 

Theorem D2. Let a G Q>o, let ko > (CqQ; + 1)^ + 2 and assume in addition that 
dim A4fco(r, X"^^^")" = 1- Then, for any X G A^^ ^ there is a family {X{k))k, where k 
runs over all integers satisfying k > (CqQ; + 1)^ + 2 as well as k = ko (mod p^"), which 
satisfies the properties 

• m G ^i^,Np 

• A(fco) = A 

• ifk = k' (mod p"") then X{k) = X{k') (mod p^"'+^). 

Here, as in Theorem Dl, a = a(a) and b = h{a) are the integers defined in section 

4.2. 

Proof. Theorem B implies that dim A^fe(r, xu;"'^)" = dim A^fcQ(r, xu;~'^°)" = 1 for 
all k satisfying the conditions in Theorem D2, hence, ^%^Mp~ {^fc} for some element A^ 
for all those weights k. Wc will show that the family {Xk)k, where k runs over all integers 
satisfying k > (€^0 + 1)^ + 2 and k = ko (mod p^"), satisfies the claimed congruences. In 
fact, let k, k' be integers satisfying A;, k' > (C^a + 1)^ + 2 and k, k' = ko (mod j3^"). We 
write k = k' (mod p"*). Using Theorem' in section 4.2 there is an element A' G A^, ^ 
such that A' = A^ (mod p^^'^^). Since A^, ^ jvp ~ i^k'} we deduce that A^/ = A', hence, 
we obtain the requested congruence Afe/ = A^ (mod p^"^'^^). This finishes the proof of 
Theorem D2. 
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4.4. p-adic interpolation of the non-cuspidal part of the spectrum. Let 

A = (A^)^i^p G A^^jYp be a system of Hecke eigenvalues. Equation (15) shows that 
J^k,xui-''W ~ ^TT^ for some irreducible automorphic representation vr and we say that A 
is cuspidal if vr is cuspidal and we call A non-cuspidal if tt is not cuspidal. Thus, if A is 
cuspidal resp. non-cuspidal the space Al/j ,^t^-fe(A) consists entirely of cusp forms resp. 
of non-cusp forms. 

Proposition E. Fix a G Q>o and let ko G N, /cq > 2. Let furthermore A G A^^ ^ 
be non-cuspidal. Then the following holds. 

1. ) The slope a of X equals or ko. In particular, if (\k)k is any family of non- 
cuspidal elements A^ G A^^ of constant slope a (i.e. any Xk has slope a) then a = 0. 

2. ) If the slope a of X equals 0, then there is a family {Xk)k, k E ko-\-{p— 1)Z, where 

Afe = iXkj)e\/^p G ^t,x,Np' ^'^^^ ^^"^ 

• Afc is non-cuspidal for all k & ko + (p — 1)Z 

• k = k' (mod p^) implies Xk,e = Xk'/ (mod p^'^^) for all £ )(Np. 

• Afco = A 

Proof. Let 11 be the automorphic representation such that A^fe^ ^(^-^o (A) = V-^ . 

Hence, occurs in A4ko(r,X^~''°) C H^(T, LkQ^c) and equation (9) in section 1 shows 
that 

n^Ind(xi,/,X2,/), 

where xi,X2 satisfy Xi,oo = I • |^^, X2,oo = sgn^l • l^^"''" with e = (-1)^=° and xiX2 = 
XUJ~^°- Moreover, condxi, condx2 both divide Np. 

We denote by uj : Q*\A* C* the adelic Teichmuller character, i.e. uj has conductor 
p and io and uj are related by oj\(Zp/pZp)* = or, equivalently, u;e{£) = uj{i) for all 
primes £ different from p. We define a family of induced representations by 

Uk = lndixij,Cof-'\-\f-''x2j) 
and we write 11^ = (gi^IIfe^^, where 

nfe,,-Ind(xM,^^-'|-|^-*^X2,^). 

Since the Teichmuller character uj only ramifies at p and xi ) X2 are unramified outside 
Np we see that the same is true for n^, i.e. Ilk,e is unramified for all £ /[Np. We let 
'^k,l £ ^k,l^ ^ )l^P be the spherical function and we set 

(46) ipk = ®iipk,e, 

where we have chosen ipk,e € Iik,e arbitrarily if £\Np. Then, for all £ J(Np the vector ijjk 
is an eigenvector for the Hecke operator with eigenvalue 

(47) Xk,e = £^1'' {xx,m + X2,K^)<:^'°~' 

We set Xk = {Xk/)e[Np- As an immediate consequence of (47) we obtain 

(48) Xk,i - Xk',i = X2M°i£)£-''o+'/^{iCuj\£)£)'' - {oj^\£)£f)). 
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Since a)^ ^{£)i = (co ^{i)£) = 1 (mod p) and i '^o+i/s jg p-adic unit because £ /fA^p, 
equation (48) shows that k = k' (mod p^) implies 

(49) Afc,^ = Afc,,, (modp'"+i). 

To prove the Proposition we still have to look at the place p and to determine the 
slope subspaces of V^^'. Since Xioo = \ ' loo^ and X2oo = I • loo^ we may write 
Xi = • 1"^/^ and X2 = ^2! ■ p/^"^'"^ with \l'i,^'2 idele class characters of finite order. 
In particular, *i,*2 are unitary and Hp = Ind(| • I^^V'i.p) I " \p'^~^'' '^2,p) is irreducible 
because 1/2 — (3/2 — fco) = A;o — 1 > 1 (note that by our assumption fco > 2). Hence, 

(50) Ind(xi,p, X2,p) = Ind(x2,p, Xi,p)- 

Since IT occurs in ^Aka{T ,x^^^") we know that condn|A'^p. Hence, condHp = or = p. 

We distinguish cases and first asssume condH = 0. In this case the characters xi,p 
and X2,p are unramified and since oj^~^° = 1 if A; G feo + (f* — 1)^ all representations H^^p, 
A; G fco + (p — 1)Z then are unramified. We want to determine the effect of the (ramified 



!) Hecke operator Tp on the space H^^, where Kp = Ki^p{Np) = rf) ^ GL2(Zp) : 

K K 
c = 0,d= 1 (mod p)}. We know that dimH^^ = 2 and we construct a basis of H^^ as 

follows. For any '0 € H^^ and ^ € B2{Qp), G Kp we know that 

(51) ^((" = xiA»)H^\2Am'p°-'-'^\i,pX2Ad) 

(note that u;''~''° = 1 and d is a p-adic unit, hence, = 1). Hence, the decomposi- 

tion 

(52) GL2(Qp) = S2(Qp)(j ^ Koip)ijB2iqp) (^^ ^ Mp) 
= B2{Qp)(] ^ Ko{p)iJB2iQp)Ko{p) 



shows that any element in H^^ is uniquely determined by the values '0(^| ^) and 
'0(1). We denote by l^^i rep. lfe^2 the uniquely determined element in H^^, which 
satisfies lfc,i(^J l)'' ^ ™^ = resp. lfe,2(^|^ l) ^ ^ ^^'^ lfe,2(l) = 1- 

Clearly, 1^,1 and lk,2 span H^ ^^"^^ . 
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We compute the effect of the Hecke operator Tp on Ife^iand lk,2 and we begin with 
lfe,i- By definition, 

Using the decomposition 
and 

we obtain 

t)(:OC „J'--<e'r)G.)C 

p-i 

p-1 

u=l 

= PXiApMp^ 

= p'^'xiAp)- 

The second equahty holds because ojp°~^ = 1 and u + p is a p-adic unit if u 7^ and the 
third equahty holds because xi,p and X2,p are unramified and n + p is a p-adic unit if 
u 7^ 0. Hence, we obtain 

(55) ^)=py\,^^{p). 

Similarly, we find 

(56) r,i,,i(i) = |^ifc,i((^ fj) 

and this equals because ^ G B2{Qp)Kq{p). Thus, (55) and (56) yield 

Tplk,i =//^ Xi,p(p)1a;,i- 
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We note that 

(57) vp{p'/\i,p{p)) = 

i.e. p^/^ Xi,pip) is a p-adic unit, because Xi = I ' l^'^^^'i with ■01 of finite order. Thus, we 
have seen that l^^i is a Tp-eigenform with eigenvalue p^^'^Xi,p{p)j iii particular, Ijt i has 
slope 0. 

We compute the effect of Tp on lk^2- By definition, 

1 u 



i)) = Eim((| i)( 



Since equations (53) and (54) imply that 



i i) C i) ^^<® (i 1,1 



we obtain 
(58) 

Moreover, 



(59) r,i,,2(i) = |:i.,2((^ ^) 



u=0 
u=0 

PX2Ap)\pt~'"'^^ 



p'^\2AP)\P\t°''' 



Equations (58) and (59) together yield 

Tplk,2=p'/\2,p{p)\P\p°~''^k,2. 

Since X2 = \ ■ ^^^^'^''^2 with ^^2 of finite order we obtain 
(60) vp{p'/\2,p{p)\p\'p'-') = k. 

Thus, we have seen that lfe^2 is a Tp-eigenform with eigenvalue p^^^X2,p{p)\p\p°~'' , in par- 
ticular, lfc^2 has slope k. Equations (57) and (60) imply that the eigenvalues p~^^'^ Xi,p{p) 
and p^^'^X2,p{p)\p\''°~'' are different (A; is an integer > 0). Hence, Tp is diagonalizable on 
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K K 

n, ^ and the only slopes occuring in H, ^ are a = and a = k with corresponding slope 
spaces 

This holds for all k € ko + (p — X)TL and proves the first claim of the Proposition. In 
particular, we obtain a family of constant slope only we select ^/^^^p = l^^i and the 
family then has constant slope a = 0. On the other hand if A has slope we specify 
the p-component of the family (V'fc)fe as i\)k^y = l^^i (we leave the components V'fc/j 
unspecified); is then immediate that (^fc)fc satisfies the following properties 

• V'A; is an eigenform for all Hecke operators T^, I )\Np with eigenvalue A^^^ defined 
in (47); in particular, the eigenvalues A^^^, I J(Np satisfy the congruences (49) 

• ipk is an eigenform for Tp with eigenvalue p^^^Xi,p{p): i-6- fpk has slope 

• Since, in particular, k = ko (mod 2) we find (— l)'^ = (—1)*^° and since furthermore 
Qjko-k _ equation (9) in section 1 implies that 11^^ ^ M.k{T ,x'-^~'^)- Hence, -0^ G 

A4fc(r, xw~^)°, i-e. the system of Hecke eigenvalues = {Xk,e)eiNp is contained in 

A" 

• Since H^ is not a cuspidal representation, the system of Hecke eigenvalues A^ is 
non-cuspidal. 

Thus, A can be placed into a p-adic family of constant slope 0. This proves second 
claim and, hence, the proposition is proven in case Hp is unramified. 

We look at the second case, i.e. we assume that condHp = p. In this case either 
(condxi,p, cond X2,p) = (IjP) or (cond cond X2,p) = (Pi 1) and in view of (50) we 
may assume that (cond xi,p, cond X2,p) = (1)P)- In particular, xi,p is unramified. Again, 
since k is congruent to ko modulo {p — 1)Z the factor Ldp"~^ vanishes and all characters 
p have conductor equal to p; in particular, the conductor of H^^p equals p 
for all k E ko + {p — 1)Z. Hence, the space of Kp-invariants H^^ in Hj. p is 1-dimensional 
and the discussion on top of p. 306 in [Ca] shows that H^^ is spanned by the function 

<; = cim- 

Here, lk,i is the unquely determined function GL2(Qp) C satisfying (51) as well as 
ljk,i(^^ ^^) = 1 and ljt,i(l) = (compare equation (52); note that the analogoue of 
the function 1^ 2 is not well defined because X2,p ramifies). We compute the effect of 
Tp on Ife^i. To this end it suffices to determine Tp lfe^i(^| ^) because lk,i is a Tp- 

eigenta. A computation completely analogous to the computation of 1„( (J ^ 

in the unramified case yields 



TplkA(^^ l))=//V,p(p). 
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Again, this holds for all k E ko + (j> — In particular, l^^i is a Tp-eigenvector with 
eigenvalue p^^'^Xi,p{p)- Since Xi = | • l^^^^i, with ^'i of finite order we obtain 

Hence, the only slope occur ing in is a = 0: 

nf^ =<-'° = cifc,i, 

which proves the first claim of the Proposition. In particular, we have to specify the p- 
component ^/Jk,p of tpk to be l^^i; ipk then has slope for all k € ko + (j) — 1)Z. Altogether 
we see that the family (^fc)fc satisfies the following properties, which are completely 
analogous to the unramified case: 

• V'A: is an eigenform for all Hcckc operators T^, i /{Np with eigenvalue A^^^ defined 
in (47); in particular, the eigenvalues Afc^£ satisfy the congruences (49) 

• ipk is an eigenform for Tp with eigenvalue p^^'^Xi,p{p)^ ipk has slope 

• As in the first case, equation (9) in section 1 shows that 11^^ ^ Mk{y,^~^'X)^ 

hence, ^l>k € Mk{X,ijJ~^x)°^ ■> the system of Hecke eigenvalues Afe = {^k/)i\^p is 
contained in A'^ .^j^^. 

• Since 11^ is not a cuspidal representation, the system of Hecke eigenvalues A^ is 
non-cuspidal. 

This proves the second claim and concludes the proof of the Proposition in case Hp 
ramifies. Thus the proposition is proven. 

Corollary. Fix a G Q>o and let A G A^^ ^ be non-cuspidal. Assume that ko > 
(C^a + 1)^ + 2. Then, a = and, hence, there is a family {Xk)k! k £ ko + {p — 1)Z, 
where Xk = {Xk,e)e[Np e Ak,x,Np that 

• Afe„ = A 

• Xk is non-cuspidal for all k G ko + (p — 1)Z 

• k = k' (mod p"^) implies Xk,e ^ Xk',e (mod p^+i) for all £ /(Np. 

Proof. By the above Proposition A has slope a = or a = /cq and the claim follows 
from the proposition if we can show that a = 0. To this end assume that a = k^. Since 
has weight fco) by our assumption on /cq we obtain 

ko > iCk,ko + lf + 2>{Ckokof. 

Recalling that Ck^ > N{ko)-\-^ (cf. equation (45)) we further obtain ko > {N{ko)ko + l)^ 
and since N{ko) > 1 (cf. equation (32) in section 3) this imphes ko > N{ko)'^kQ + 
2N{ko)ko + 1 > fcp + 1, a contradiction {ko is a positive integer). Thus, the slope a = ko 
does not satisfy ko > (C^a + 1)^ and we deduce that a = 0. This finishes the proof of 
the Corollary. 

Prom now on we asssume k > 2. We denote by -E^p^jvp the set of all irreducible 
representations H of Gl2(A/) such that H^'" 7^ 0, H'°K occurs in A1fc(r, xo;"'^)" and 
H is non-cuspidal, i.e. H^ does not occur in the subspace Sk{T,x^~'^) of cusp forms. 
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Proposition D shows that E^^ Np^^ implies a = or a = A;. We recall from equation 
(9) in section 1.3 that M.k{^,X'^~^)°^ is the direct sum 



-k\a 



-k\a 



where 



£k(J^,x^' 



-k\a 



e 



(note that k > 2). Moreover, equation (9) in section 1.3 shows that any 11 G ^kx^p 
of the form 

n = Ind(xi,/,X2,/) 

for characters Xi)X2 : Q*\A* C* of conductor Np, which satisfy the conditions 

Xi,oo = I • tJ?, X2,oo = sgn^l • l^'^^''" with e = (-1)^° and xiX2 = X*^"^"- In the proof of 
Proposition D wc have seen that the slope subspace of any non-cuspidal representation 
n = Ind(xi,/X2,/) occuring in ^Ak{T,x^~^) is non-trivial (in fact we have seen that 
dimll^'^ = 1); we thus obtain a map 



k,k' 



Ind(xi,/,X2,/) 



^k',X,Np ^ 



Clearly, $fe,fc' is a bijection with inverse ^k',k- 

Lemma. Let 11 G and 11' G E^, ^ correspond to each other under ^k,k'- 

Assume that k = k' (mod (p — l)]?"*). Then, for all primes ii 
Np, we have 



, is, which do not divide 



tv7r^lTe^---T,Ju^tTnZlTe^---TiJn' (mod p^+^j (M|iV). 

Proof. Ti-, ii )(Np acts on n-^'" resp. on n'''^''' as multiplication with some number 
Xl- resp. A^, and in the proof of Proposition E we have seen that A^. = A^. (mod p"^^^^ 

\ik = k' (mod {p — l)p'^). In particular, T^. acting on 11^''' resp. on n'^'" is represented 
by the matrix A^.Id resp. A«.Id with respect to any basis of 11^'° resp. of n''^'°. On the 



Npr 



other hand, in the proof of the Theorem in section 4.2 we have seen that vr^^ 



^Mpln'^'° with respect to a suitable basis is represented by the matrix 



/ [T^{Mp) -.V^iNp)] 



[Ti{Mp) : ri(iVp)] 



0/ 
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Here, the entry [Ti(Mp) : ri(A^j9)] appears d = dim (n^'°)'^i(^P) -times resp. d' = 
dim (n'^'^)^i(^*'5-times on the diagonal. Since A^. = A^, (modp"*"'"^) the claim fol- 
lows if we can show that d = d'. To prove this write (uK,o^^Ki(Mp) ^ j^i^i(Mp),o ^ 
®£^P,oonf ® nf^'^(^^)'° and analogously for (n'^'°)^i(^P). The Corollary to 

proof in [Ca], p. 306 shows that dimlT^^''^*'*^*'^ = dimll^^^'*^^^^'' for all i ^ p,oo because 
n and n' share the same conductor. In the proof of Proposition E we have seen that 
dim 11^^'*'^^*'^'° = dimllp^^'''^^^^'^ = 1. Hence, d = d' and the proof of the lemma is 
complete. 

Substracting the identity of the Lemma from the Basic trace identity we obtain 
Proposition (Basic Trace identity for cusp froms). Let a G Q>o- Assume that k,k' 
satisfy 

• k,k'> (Caa-M)2 + 2 

• k = k' (mod {p — l)p™') with m > Bq,. 

and let £i, . . . ,£s be primes, which do not divide Np. Then, the same congruences as 
in the Theorem in section 3.5 with "M" replaced by "S" hold true, i.e. 

^T^^Mp^h ■ ■ ■ ■ ■ ^4 l5fc(r,xa;-'=)" = ^^^Mp^h ' ■■■'-^Is l5fc,(r,xa;-'=')« ^^^^ P >■ 

if a = and 

^^^Mp^^i • • • -^4 \Sk{r,x<->-'')" -^^^Mp-'-ei ■ ■ ■ -^is^o' l5fc,(r,x£^-* )« (,moa p j. 

ifa>0. 

Proof. We note that 

Mkir, x^-'^r = £k{r, xio-'^r © <5fc(r, x"')" 

Thus, to prove the proposition it remains to compare tr T^^p^^ll ' • • • '^4 ^^''^'^ \sk(r,x(^-'')'^ 

r m 1 

and trvr^^r;^! • . . . • Tl;eL'""' . We distinguish: 

Case 1: a > 0. The above Corollary shows that E^x Np ~ hence, £k{^, X'^~^)'^ — 
£k'{^ ^X'^~^')°' — ^iid the Proposition is immediate by the Theorem in section 3.5. 

Case 2: a = 0. Since ^k,k' ■ El^,Np ^ K'. ,x,Np ^ bijection such that 

tr Trjigr,, • ■ ■ r,Jn = tr Trj^^T,, • ■ ■ |^^_^,(n) (mod p^+i) (M|iV) 
(cf. the above Lemma) we obtain 

tr T^M^pTt^ • • • ^4 lffc(r,x<^-^)o = tr T^^ipTi^ " " " ^4 lf^,(r,xa;-fe')o (™od (M|iV). 

Again, the claim follows immediately from this and the Theorem in section 3.5. Thus, 
the proposition is proven. 
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Following the exposition in section 4.2 while replacing "M" by "<S" throughout we 
obtain the following result from Corollary C3. We denote by ^^q^^np 
^ e K,.j,.Np such that Ml^^_,{X) C SkiT,xoo-''r, i.e. A4fc,^,-.(A)'is cuspidal. 

Addendum to Theorem Dl, D2. Let a G Q>o, let ko > {CaCt + 1)^ + 2. Then, 
any A € ^kg^^^p '^'^^ placed into a cuspidal p-adic family. More precisely, there is a 
family {X{k))k, where k runs over all integers satisfying k > {CaOt + 1)^ + 2 as well as 
k = ko (mod p^^"M), which satisfies the properties 

• A(fco) = A 

• k = k' (mod p"") implies X{k) = X{k') (mod /"»+b-^fco). 

Here, a = a (a) and h = h{a) only depend on a and are defined as the same quantities 
in section 4-2 with "M" replaced by "S", hence, 

a<dim5fe(r,xa;-'=r 
for all k > CqO + 1)^ + 1 and even 

a = min{dim<Sfc(r,xw~'')", k > Caa + lf + 1} 

if a = 0. 

If in addition dim<Sfcg(r, xa;"*^")" = 1 holds then any X G A^^™*^^ can be placed into 
a cuspidal p-adic family, which exists for all k such that k > (CqQ; + 1)^ + 2 and k = ko 
(mod p^" ) and which satisfies the congruences 

X{k) = X{k') (mod if k = k' {modp""). 

Remark. Under the assumption k > {Caa + 1)^ + 2 we know that ffe(r,xu;~^)" 
does not vanish only for a = 0. Thus, for all a > the space Mk{^,X^~'^)°' appearing 
in Theorem D2 is spanned by cusp forms, i.e. 

Mk{T,xLO-''r = Sk{T,xco-''r 

and we are in the situation of the above Addendum to Theorem Dl, D2. In different 
words, if a > the statements of Theorems Dl, D2 and of the Addendum are equivalent. 

4.5. Eigenvalues of Hecke operators at ramified places. Let A;o > (C^a + 
1)^+2 and A G A"^^ ^. Theorem Dl shows that there is a family (X{k))k, where k runs over 

all integers larger than (Co,a + 1)^ + 2 and congruent to ko (mod and where 

A(A;) = (A(fe)^)^[^p G A^^^p such that the following congruence holds: A(A;) = X{k') 

(mod ^^"^"'"'^"'^'=0 ) if A; = A;' (modp™). We denote by (7r(k),V{k)) the represntation of 
Gl2(Aj^) attached to X{k) and we write V{k) = (8>^^oo^(^)£. In this last section we shall 
show that for any k as above and any i dividing Np we can pick an eigenvalue X{k)£ 
of Ti acting on V{k)£ such that the same type of congruences as for the places £ /[Np 
also hold at the ramified places i\Np. Hence, any A G A^^ ^ can be placed into a ]3-adic 
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family {X{k))k, where now X{k) G A^^, i.e. the elements of the family are defined for all 
primes i and not just the primes i, which do not divide Np. 

We recall that we defined a p-adic valuation Vp on C by using an isomorphism i : 
Cp = C; for any polynomial / = Ylh=o ^h^^ G we therefore may set 

= h = Q,...,d}. 

Lemma. Assume that f = XlLo (^hX'' G Q[X] and f = Y.h=o ^'h^^ ^ satisfy 
the following properties 

• /, /' have p-adically integral coefficients and leading term equal to 1, i.e. 
Vpi.O'h) J Vp{a'i^) > for all h = 1, . . . , d and a^ = a'^ = 1 

• "^pC/ — f) ^iTT' with m>0. 

Then, for any zero X of f there is a zero X' of f such that Vp{X — A') > m/d. 

Proof. We denote by O the ring of integers of Qp(rai, . . . ,0^). Since Vp{afi) > for 
all h = 1,. . . ,d, the coefficients a/j of / are contained in O and since furthermore the 
leading coefficient of / equals 1, any root A of / is integral over O. Hence, Vp{X) > 
for any root A of /. Clearly, the same is true of the roots of /' and we deduce that 
the Lemma holds trivially in case m = 0. We therefore assume m > and we fix any 
root A of /. Let A'^, . . . , A^ denote the roots of /', each root appearing as often as its 
multiplicity. Since Vp{f — f) >m we obtain Vp{f{X) — /'(A)) > m. Taking into account 
that /(A) = we thus find 

d 

(63) Vp{f'iX)) = Vp{ll{X-X'^))>m. 

h=0 

Now, if Vp{X — X'j) was strictly less than m/d for all zeroes A^ of /' we obtained 
Vp{Y[h=o{^ — A^) < m, a contradiction to (63). Thus, the lemma is proven. 

Proposition. Let fk = Ylh=o^k,hX^ G k E N be a family of polynomials 

such that the following holds. 

• Each f). has p-adically integral coefficients and leading coeffi,cient equal to 1 

• There are a, 6 € Q, a > such that the following congruence holds. 

(64) k = k' (mod p"^) implies Vp{fk — fw) ^ o,f^ + b. 

We denote by Zi^. the set of roots of f^. Then, if X ^ Zj^^ is any root of f^Q, there is a 
family {Xk)k, £ such that Xk^ = X and the following congruence holds: 

(65) k = k' (mod p"^) implies Vp{Xk - Xk') > 

Proof. We define the sequence Afc inductively. Of course, we set A^g = A. Next, 
we assume that zeroes Xk^^, A^^, . . . , A^^ have been chosen such that A^^ G 2^^^ and the 
congruences (64) hold for k, k' G {ko, . . . , kn}. We select any k = kn+i G N— (feo) ■ ■ ■ , ^n}- 
Let ki G {ko, . . . ,kn} be closest to k, i.e. 

Vp{k — ki) > Vp{k — kj) 
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for all j = 0, . . . , n. We set m = Vp{k — ki). By using the above Lemma we find a zero 
Afe„+i e 2jk„+i such that 

am + b 

Vp{hn+1 - hi) > ^ • 

We will show that A^q, A^j, . . . , A/j^, Afc^_^^ satisfies the congruence (64) thereby com- 
pleting the induction and, hence, proving the Proposition. Clearly, only the congru- 
ences involving A = \k„+i still need to be verified. To this end we select an arbitrary 
>^kj e {Afco, Afci, . . . , XkA- We set m' = Vp{ki - kj) and distinguish: 

Case 1: Vp{k — ki) > Vp{ki — kj), i.e. m > m'. We obtain, Vp{k — kj) = Vp{k — ki + 
ki — kj) = mm{vp{k — ki),Vp{ki — kj)) = m' by the p-adic triangle inequality. On the 
other hand, Vp{\ - A^,) = Vp{\ - A^, + A^, - A^,)) = min(^, ^) = Hence, 
the claimed congruence (65) holds in this case. 

Case 2: Vp(k — ki) < Vp{ki — kj), i.e. m < m'. Here, the congruence (65) follows in 
the same way as in case 1. 

Case 3: Vp{k — ki) = Vp(ki — kj), i.e. m = m'. Here, Vp{k — kj) = Vp{k — ki + ki — kj) > m 
and since ki was closest to k we obtain Vp{k — kj) = m. On the other hand, Vp{X — X^j ) = 
Vp{X - Afc. + Afc. - Afc.)) > mm{^^, ^^^^) = Hence, the claimed congruence 

(65) holds in this case too. 

This completes the proof of the Proposition. 

Before wc turn to the proof of our last theorem we make the following observation 
concerning the Theorem and Theorem' in section 4.2. The Theorem and Theorem' in 

section 4.2 still hold if we replace the set ^t,x,Np ^k,x,N ^k',x,Np ^fc',x,^' 
i.e. for any system of eigenvalues A = (A^)^^^ in A^^^ there is a system of eigenvalues 
A' = {X'g)e[N in ^k' X N such that the following holds 

• A^ = A^ (mod for all £ 

• F'\F, where F resp. F' is the prime to p part of the conductor of A resp. of A'. 
The reason for this is that in addition to the Hecke operators T^, £ J(Np, the Hecke 

operator Tp too commmutes with vr^^. The proof of the Theorem in section 4.2 therefore 
carries over word for word to yield the above stronger result, which includes the prime 
p. As a consequence, Corollary C2 and Theorems Dl, D2 also hold if we replace ^^xNp 

by K,x,N K',x,Np ^k',x,N' i-^- ^ ^ ^ko,x,N t^e^e is a family (Afe)fe, where 

k runs as in Theorem Dl, D2, A^ G A^^ and k = k' (mod p^) implies that 

X{k)t = X{k')e (mod p^"»+b-^fco ) 

for all £ J(N. 

Let ko > (CqQ; -|- 1)^ + 2 be any weight and let A = {X£)^^p € A^^ ^ ^. In particular, 
for any weight k satisfying 

(66) k > {Caa + 1)2 + 2 

and 

(67) k = kQ (mod p™) with m > L(a, feo) 



99 



there is a uniquely determined element A(/c) = (Afc^^)^^^ G ^kxN' such that the family 
{X{k))k satisfies A(A;o) = A as well as the congruences 

X{k)e = \{k')e (mod ^a^^+b-^fco) if k = k' (mod p™) 

for all i /fiV. Moreover, the family (A(A;))fe is uniquely determined by A. We denote by 
(7r(A;), V{k)) the representation of GL2(Aj) corresponding to X{k). For any prime number 
£ dividing N, we denote by = ^^^^ the characteristic polynomial of acting on 
M^^^_fc(A(A;)) (cf. section 4.2 for the ' definition of A^^^^_fc(A(fc)) with A € A°^^). 
We note that the extension of Corollary C2 2.) implies that dim A^^^^_fe(A(A;)) = 
dimy(fc)^'° = dimF(fco)^'" = dimA^^^ ^^-k„iKk')) as long as k = ko (mod /("•'^o)). 
Hence, the degree of ^'^ is the same for all k satisfying (66) and (67) and we may write 

h=0 

With de = dim Ml^^_,{X{k)) = dim>J^^^^^_,„ (A). 

Theorem F. Let k',k > (CaQ! + 1)^ + 1 be weights which satisfy equation (67). Then, 
with the above notations, for any £\N we have 

- > am + b - {dl^^ + l)A,,) - vMlJ))- 

where d'^^^^ = dim A^fco(r, X^~^")"- 

Proof. Wc write k = k' (mod p™"), hence, m > L(a,kQ). Let A € ^k^■,^N■ Since 
elements, which are distinct, already are distinct modulo p'^'^o (cf. equation (35)) we 
find for any fi € A^^^ ^ j^, fi X a prime ^(A, //) G N, which does not divide Np and which 
satisfies A^j-^^^^ ^ /"^(a,^) (mod p'^'^o). We define for any k satisfying (66) and (67), any 
a G N and any £\N an element in the Hecke algebra 

^ m j 

Cfc = ek,a,\ = n (^^(/'-A) - IJ'{k)e{u„\)) ■ Ti ■ e^"" . 

We recall that /Lt(fc) G ^txN image of G A^^ ^ ^ under the map (p (cf. the 

extension of Corollary C2 4.)). Wc note that the above extension of Theorem DI implies 
that the family {ii(k))k satisfies the congruences 

li(k)i = n(k')i (mod pa^^+b-^fco) for all £ J(N. 

We compute the trace of ejt acting on Mki^jX^"'')" = ©ugA" oj-^^^^^)) 
(cf. the extension of Corollary C2). 

The definition of immediately yields eklj^^c (u(k)) = if 7^ A. 
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To determine ek\M" fc(A(fc)) "we choose a basis B of ■M.'^ ^^^kiKk)) with respect to 
which all Hecke operators T^, i prime, are represented by an upper triangular matrix 



me ) 



We then obtain 



V 



where 



Since 'Ds(T^\ji^c (A(fe))) too is upper triangular we find 
(68) 

ti-efcU^(r,;^^-fc)a = trefeUa^^_j^(fe)) = Cfe • tr r/|^a^^_ j^(fe)) trea*""" JA(fe))- 

On the other hand the Hecke algebra (T^, £ prime) is isomorphic to the polynomial 
algebra C[Te, ^ prime]; for any / = Em ^mH^ prime ^ (^^ ^ prime) we define 

Vp{f) ■= lailhrnVpiarn), 

i.e. Vp{f — f) > r precisely if f = f + g with g G p'^{T£, I prime). 

Since ix{k) = /x(fc') (mod p^m+b-Afe^-j^ ^j^^ definition of e^, e'^ implies 

'yp(efe - efc') > am + b - ^fcg. 

In particular, if V is any C-vector space with basis C, on which the Hecke algebra acts 
we obtain 

Vc{ek\y)=T^c{ew\V) (mod p-'"+b-^/=o ) . 
(a congruence between matrices is to be understood entry-wise) and therefore 

(69) trcfclv ^trcfc'ly (mod p^"*+''-^'=o). 
On the other hand, the Theorem in section 3.5 yields 

(70) trefc|_^^(r,xc^-*)- =trefc|^^,(r^^^_fc/)„ (mod pl^l ~"^^'^^^^^) 
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and since am + b < D < 



section 4.2) equations (70) and (69) yield 



Vp{ip{N)) (cf. the definition of a, b (and D = Da,m) in 



Together with equation (68) we obtain 



(71) Cfetrr"|_yKa (^(fc))trea"" \m°' .(Affc)) 



= Cfe'trT/l^a ,,(A(fe'))ti-ea'-"1x« „(A(fe')) (modp^"^+''-^'=o). 

Again, since ^(A;) = fi{k') and A(A;) = A(A;') (mod p^^^+b-^fco) we find 

a^Cfc' (mod/-+''-^'=o). 

We know that ^e(x^fj,) ^ l^e(\,fi) (™od p'^'^o ) for all /U 7^ A. Moreover, since aL(a, fco) + b > 
^fco (by the definition of L(q!, fco)) we also obtain //(/c) = n and A(fc) = A (mod p^'^o). 
Thus, we obtain altogether 

A(^)£(A,/.) # Kk)e{\,f.) (mod p^'^o). 

In particular. 

The last equality is a consequence of Theorem B. We set c?^^ ^ = dim A^feo(r, X^^^^*^")" 
and thus obtain from (71) 

= trT/|^« ^,(X(k'))treI^\M-, (mod /"^+''-^'=o-'^^o.x^'=o). 

Moreover, since A(/u)p = ^{k^)p and is a polynomial in Tp we deduce that 

r rn j r m j 

trea''"" (Wfc)) = trea*""" Ua (w^,)) (modp^"*+''-^'=o). Since furthermore 

trea*""" |x« (A(fc)) ^nd trca''"" l^^a (A(fc')) p-adic units by Proposition 1.) in 
section 3.4, we obtain 

(72) trT/U. ^trT/U. (mod /"^+''-^'=o-<^^o.x^^o). 

We write 
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and 

d 



We set (jj = tvTflj^a (A(/c)). Since 



<x,j = ^ det 



/ <Tl 1 

i-1 



and the same formula holds if we replace k by k' (cf. [Koe], 3.4.6. Korollar, p. 117) we 
deduce from (72) 

a^,,,, ^ 4, (mod ^am4-b-(.g„,,+i)A,„-.,0!)^_ 
Since j < dim A1^^^_j,(A(A;)) < dim A^fc(r, xa;"'^)" ""^^^ cf^^ ^ we obtain 

This completes the proof of the Theorem. 

Let A G A^^^ ^. Then there is a family {X{k))k, where k > (C^a + 1)^ + 2 and k = ko 
(mod p™) with m > L(a, kg) such that 

A(A;)^ = A(A;')€ (mod p^"^+''-^'=o) if k = k' (mod /™+''-^'=o ) 

for all £ /\N (cf. the extension of Theorem Dl). Applying the above Proposition to 
the family of characteristic polynomials ^ of acting on Aik(^,X^~^)°' ^ (which 
is possible by Theorem F) we see that for any k we can choose eigenvalues X{k)i of 
acting on A4fc(r, such that the family {X{k)£)k satisfies the congruences 

vp{\{k)t - Kk')t) > ^ ^ ' ° ' if k = k' (mod p"'), 

where d^/ = deg ^ = dim A^^^ xi^~''° ^"^^ particular, for any k as above we obtain 
elements {X{k)i)£ G ^fc^' ^^^'■^ ^ runs over all rational primes i. Hence, any A G 
^h) X placed into a p-adic family which satisfies the requested type of congruences 

also at the ramified places. Moreover, since in particular, dx^£ < diTaA4ko(r,X'^~^°)'^ = 
in conjunction with the extension of Theorems Dl and D2 we obtain the following 
final result. 

Theorem G. Let a G Q>o and let k^ > (Caa + 1)^ + 2 be any weight. Let A = (A^)^ G 
^ko X' f^''^ ^''^y weight k satisfying k > (C^a + 1)^ + 2 and k = k' (mod p™") with 
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m > L{a,ko) there is a system of eigenvalues Xk = (Afc/), i running over all rational 
primes, such that the following conditions hold: 

• A(fco) = A 

• k = k' (mod p™") implies 

X{k)e = X{k')e (mod p^™+b-^fco ) 

for all i J(N and 

^m + b-idl^^ + l)A,,-v,{dlJ) 



Vp{X{k)i - X{k')e) > 



for all i\N. Here, d? = dimMk^,iT,x^~'''T 



• if X is cuspidal then any X{k) is cuspidal. 

Here, a = a (a) and b = b(a) only depend on a. Moreover, a satisfies 



a < 



dimMfe(r,xa;-^)° 
for all k > (C^a + 1)^ + 1 and even 

if a = 0. 

We note that Theorem G has an obvious reformulation in terms of modular forms. 
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